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Abstract. We give the defining structure of two-parameter quantum group 
of type G2 defined over a field Q(r, s) (with r 7^ s), and prove the Drinfcl'd 
double structure as its upper and lower triangular parts, extending an earlier 
result of [BW1] in type A and a recent result of [BGH1] in types B, C, D. We 
further discuss the Lusztig's Q-isomorphisms from U r ,s(G2) to its associated 
object U s -i _— 1 (G2), which give rise to the usual Lusztig's symmetries defined 
not only on U q (G2) but also on the centralized quantum group \J q {G2) only 
when r = s~ 1 = q. (This also reflects the distinguishing difference between our 
newly defined two-parameter object and the standard Drinfel'd-Jimbo quan- 
tum groups). Some interesting (r, s)-identities holding in U r , s (G2) are derived 
from this discussion. 



1. Two-parameter Quantum Group U r , s {G2) 

Let K = Q(r, s) be a field of rational functions with two indctcrminates r, s. 

Let $ be a finite root system of G 2 with II a base of simple roots, which is 
a subset of a Euclidean space E — R 3 with an inner product ( , ). Let ei, £2, £3 
denote an orthonormal basis of E, then 11 = {o?i = ei — £2, ci 2 = (-2 + £3 — 2ei} 
and $ = ±{cfi, ct2, a-x + £*i> a.2 + 2ai, a 2 + 3ai, 2a 2 + 3ai}. In this case, we set 

("!■ °l) (°2. °2) q ("1. (°2. °2> o 

7*1 = r 2 = r, r 2 = r 2 = r and Si = s 2 = s, s% = s 2 = s . 

We begin by giving the definition of two-parameter quantum group of type G2, 
which is new. 

Definition 1.1. Let U = U r ^ s (G 2 ) be the associative algebra over Q(r, s) 
generated by symbols ei, fi, uf 1 , uj^ 1 (1 < i < 2) subject to the relations 

(Gl) [u^Vf ] = [o; l ± Vf 1 ] = [^ ±1 ^f 1 ]=0, W *«r 1 = l = ^r 1 - 
(G2) ujiCiuj^ 1 = (rs _1 )ei, /i 1 = (r -1 s) /i, 

oj 1 e 2 u) 1 ~ 1 = s 3 e 2 , wi / 2 1 = s -3 / 2 , 

o^eicj^ 1 = r _3 ei, lj 2 /i ^> 2 X = r 3 f x , 

uj 2 e 2 u^ x = (r 3 s' 3 )e 2 , W2/2W2" 1 = (r~ 3 s 3 )/ 2 . 
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(G3) lo[ ei lu'^ 1 = (r" 1 *) d, wj /i wj" 1 = (rs- 1 ) ft, 

(j[e 2 uj' 1 ~ 1 =r 3 e 2 , w£ / 2 wi" 1 = r" 3 / 2 , 

w 2 e i w 2 _1 = s_3 ei, ^/i^ 1=s3 /i) 
w 2 e 2 w^ 1 = (r~ 3 s 3 ) e 2 , uj' 2 ft uj'f 1 = (r 3 S - 3 ) / 2 . 

(G4) For 1 < i, j < 2, we have 

LU l - J- 



n- s, 

(G5) ((r, s)-Serre relations) 

(G5)i e^ei - (r~ 3 + s~ 3 ) e 2 eie 2 + (rs)" 3 eie 2 = 0, 

e\e 2 - (r+s)(r 2 + s 2 ) e 3 e 2 ei + rs(r 2 + s 2 )(r 2 + rs + s 2 ) e 2 e 2 e 2 
(G5) " -M 3 (r + S )(r 2 + S 2 ) ei e 2 e 3 + (rs) 6 e 2 et = 0. 

(G6) ((r, s)-Serre relations) 

(G6)i ftf 2 - (r- 3 + s- 3 ) ftfift + (rs)" 3 / 2 2 /i - 0, 

i „2i j-2 f 

' '.i 

\rsf(r + s)(r 2 + s 2 ) fifth + (rs) e /f/ 2 = 0. 



hit (r+s)(r 2 + s 2 ) ftftfl + rs(r 2 + s 2 )(r 2 + rs + s 2 ) f 2 ftf 2 

( G6 ) 2 , ^3/ , N/..2 , 2n ,3 , , , / A 6 ,4 



Proposition 1.2. TTie algebra J7 r , s (G 2 ) is a -ffop/ algebra with comultiplication, 
counit and antipode given by 

A^ 1 ) = W f 1 ® wf 1 , A(a;f 1 ) = wf 1 ® wf 1 , 
A(e 4 ) = e, (8) 1 + uj t ® e», A(/,) = 1 <g> /, + /, <8> u^, 
£ (u,±) = eicof 1 ) = 1, e( ej ) = e (/0 = 0, 
S( W f 1 )= W f ) S^f 1 )^* 1 , 
%;) = -u^i, S(J i ) = -f i <4- 1 . 

□ 

Remark 1.3. (I) When r = q = s _1 , the quotient Hopf algebra of t/ r , s (G 2 ) 
modulo the Hopf ideal generated by elements — 0^(1 < i < 2), is just the 
standard quantum group J7 g (G 2 ) of Drinfel'd-Jimbo type; the quotient modulo the 
Hopf ideal generated by elements uj[ — ziuo^ 1 (1 < i < 2), where z,- L runs over the 
center, is the centralized quantum group C/|(G 2 ). 

(II) In any Hopf algebra H, there exist the left-adjoint and the right-adjoint 
action defined by the Hopf algebra structure: 

ad ; a(6) = a (1) bS(a {2 )), ad r a (b) = ^ S(a {1) ) ba {2) , 

(a) (a) 

where A(a) = J2( a ) a (i) ® a (2) £W®H, for any a, b eH. 

From the viewpoint of adjoint actions, the (r, s)-Serre relations (G5), (G6) take 
on the simpler forms 

(ad ; a) 1 a ' J (ej) = 0, for any i ^ j, 

, 1 — a 



(ad r ft) 13 (ft) = 0, for any i ^ j. 
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2. Drinfel'd Quantum Double 

Definition 2.1. A (Hopf) dual pairing of two Hopf algebras A and U (see 
[BGH1], or [KS]) is a bilinear form (,) : U x A — ► K such that 

(1) </, U)=su(f), (lu, a) = s A (a), 

(2) </, ai a 2 ) = (A u (f), oi ® oa), (/1/2, a) - (A ® A, A^(a)>, 

for all /, A, A G W, and a, a\, a 2 6 -4, where £^ and £,4 denote the counits of W 
and A, respectively, and Au and A ,4 are their comultiplications. 

A direct consequence of the defining properties above is that 

(S u (f),a) = (f,S A (a)), feU,aeA, 

where Su, <SU denote the respective antipodes of U and A. 

Definition 2.2. A bilinear form ( , ) : U x A — ► IK is called a skew-dual 
pairing of two Hopf algebras A and U (sec [BGH1]) if (,) : U cop x A — ► K is 
a Hopf dual pairing of A and U cop , where U cop is the Hopf algebra having the 
opposite comultiplication to U, and S^cop = S^ 1 is invertible. 

Denote by B = B{G2) the Hopf subalgebra of U r , a (G2) generated by e^w* 1 
and by £>' = B'(G-2) the one generated by fj,u)j, where 1 < j < 2. 

Proposition 2.3. There exists a unique skew-dual pairing {,) : B' x B — ► 
Q(r, s) of the Hopf subalgebras B and B' , such that 



(3) (/i>ej)=«<j~. (l<i,j<2), 

(41) (wi, wi> =rs-\ 

(4 2 ) K.wa) =r- 3 , 

(4 3 ) (w 2 , Wl )=s 3 , 

(4 4 ) (w 2 , w 2 > = r 3 s- 3 , 

(5) (^ ±1 , c- 1 ) = (o;^ 1 , = M, uj)* 1 , (1 < i, j < 2), 



and all other pairs of generators are 0. Moreover, we have (S(a), S(b)) = (a, b) for 
aeB',beB. 

Proof. Since any skew-dual pairing of bialgebras is determined by its values 
on generators, uniqueness is clear. We proceed to prove the existence of the pairing. 

We begin by defining a bilinear form ( , } : B' cop x B — > Q(r, s) first on the 
generators satisfying (3), (4), and (5). Then we extend it to a bilinear form on 
B' cop xBby requiring that (1) and (2) hold for A B /co P = A°?. We will verify that 
the relations in B and B' are preserved, ensuring that the form is well-defined and 
so is a dual pairing of B and B' cop by definition. 

It is direct to check that the bilinear form preserves all the relations among 
the uf 1 in B and the lo'^ 1 in £>'. Next, the structure constants (4„) ensure the 
compatibility of the form defined above with those relations of (G2) and (G3) in 
B or B' respectively. We are left to verify that the form preserves the (r, s)-Scrre 
relations in B and B'. It suffices to show that the form on B' cop x B preserves the 
(r, s)-Serre relations in B; the verification for B' cop is similar. 
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First, let us show that the form preserves the (r, s)-Serre relation of degree 2 
in B, that is, 

(X, e\e x - (r~ 3 + s~ 3 ) e 2 e x e 2 + r _3 s~ 3 e x e\ ) = 0, 

where X is any word in the generators of B' . It suffices to consider three monomials: 
X = /2/1/2, fi.fi ■ However, in the degree 2's situation for type G 2 , its proof 

is the same as that of type C 2 (see [BGH1, (7C) and thereafter]). 

Next, we verify that the (r, s)-Serre relation of degree 4 in B is preserved by 
the form, that is, we show that 

(X, e\e 2 - (r + s)(r 2 + s 2 ) e\e 2 e x + rs(r 2 + s 2 )(r 2 + rs + s 2 ) e\e 2 e\ 
-(rsf(r + s)(r 2 + s 2 ) e x e 2 e\ + (rs) 6 e 2 e 4 }, 

vanishes, where X is any word in the generators of B' . By definition, this expression 
equals 

(A (4) (A), ei <g> ei ® e x ® e x ® e 2 

— (r + s)(r 2 + s 2 ) ei <8> ei <8> ei ® e2 <8> e x 

(*) + rs(r 2 + s 2 ){r 2 + rs + s 2 ) e x ® e x ® e 2 ® e x ® e x 

— (rs) 3 (r + s)(r 2 + s 2 ) e x ® e 2 ®e x ® e x ® e x 
+ (rs) 6 €2 ® e x <g> ei <g> e x ® e x }, 

where A in the left-hand side of the pairing ( , } indicates Ag?. In order for any one 
of these terms to be nonzero, X must involve exactly four f x factors, one f 2 factor, 
and arbitrarily many lj'J^ 1 factors (j = 1, 2). 

It suffices to consider five key cases: 
(i) x = ft h, we have 

A (4) (X) = ( u' x <g> J x <g> J x <g> J x <g> /1 + J x <g> u[ <g> J x <g> /1 <g> 1 

+ w 1 ®wi<g)/i®l®l+w 1 ®/i<g)l®l®l + /i®l<g)l<g>l<g)l) 4 - 

( W 2 ® w 2 ® w 2 ® W 2 (g> / 2 + W 2 ® w 2 ® w 2 ® fl ® 1 

+ w 2 ®w 2 ®/2<g)l®l+o; 2 ®/2(8)l®l<g)l + /2(8)l®l<E)l®l)- 

Expanding A^ 4 ) (X), we get 120 relevant terms having a nonzero contribution to (*). 
They are listed in TABULAR 1 of Appendix, together with their pairing values, 
where we have introduced 

a = (fi, ei) 4 (/ 2 , e 2 ), x=(u' 1 ,u 1 ), x = (w' x , uj 2 ), y=(u' 2 ,ui 1 }. 

The expression in (*) equals 

(sum of expressions in column 1) 

— (sum of expressions in column 2) • (r + s)(r 2 + s 2 ) 

+ (sum of expressions in column 3) • rs(r 2 + s 2 )(r 2 + rs + s 2 ) 

— (sum of expressions in column 4) • (rs) 3 (r + s)(r 2 + s 2 ) 
+ (sum of expressions in column 5) • (rs) 6 . 
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Thus, if we sum up all the pairing values listed in each column of TABULAR 
1 and multiply by the appropriate factor, we obtain the paring value of (*): 

o,(l + 3x + 5a; 2 + 6a; 3 + 5a; 4 + 3x 5 + x 6 ) ■ [ 1 - (r + s)(r 2 + s 2 )x 

+ rs(r 2 + s 2 ) ■ (r 2 + rs + s 2 )x 2 - (rs) 3 (r + s)(r 2 + s 2 )x 3 + (rsfx 4 } 
= a(l + 3a; + bx 2 + 6x 3 + 5a; 4 + 3a; 5 + x 6 ){l-r 3 x)(l-r 2 sx)(l-rs 2 x)(l-s 3 x) 
= (because x — u 2 ) = r~ 3 ). 

(ii) X = f2.f1- By calculation, we get 120 relevant terms of A^(X) in (*) and 
their pairing values listed in TABULAR 2 of Appendix. 

If we sum up all the pairing values listed in each column of TABULAR 2, then 
we obtain the paring values of (*): 

o(l + 3a; + 5a; 2 + 6a; 3 + 5a; 4 + 3a; 5 + x 6 ) ■ [y 4 - (s 3 + rs 2 + r 2 s + r 3 ) • y 3 

+ rs(s 4 + rs 3 + 2r 2 s 2 + r 3 s + r 4 ) • y 2 - (rs) 3 (s 3 + rs 2 + r 2 s + r 3 ) ■ y + (rs) 6 } 
= o(l + 3a; + 5a; 2 + 6a; 3 + 5a; 4 + 3a; 5 + x 6 )(y - r 3 )(y - r 2 s)(y - rs 2 ){y - s 3 ) 
= (because y = (u' 2 , wi) = s 3 ). 

(iii) X = flfif 2 - By calculation, we get 120 relevant of A^(X) in (*) and 
their pairing values listed in TABULAR 3 of Appendix. 

If we sum up all the pairing values listed in each column of TABULAR 3, then 
we get the paring values of (*): 

ay 2 (l + 3x + 5x 2 + 6x 3 + 5a; 4 + 3a; 5 + a; 6 ) 

- ay(s 3 + rs 2 + r 2 s + r 3 ) • (1 + 3a; + 4a; 2 + 3a; 3 + a; 4 ) • (1 + xyx 2 ) 
+ ars(s 4 + rs 3 + 2r 2 s 2 + r 3 s + r 4 ) ■ [1 + 2x + x 2 

+ xxy(l +4x + 6x 2 + 4a; 3 + a; 4 ) + x 2 y 2 x 4 ■ (1 + 2x + x 2 ) } 

- a(rs) 3 (s 3 + rs 2 + r 2 s + r 3 ) ■ (1 + 3x + Ax 2 + 3a; 3 + a; 4 ) • (x + x 2 x 2 y) 
+ {rsfax 2 {\ + 3x + bx 2 + 6x 3 + 5a; 4 + 3a; 5 + a; 6 ) 

= 2ar- 1 s~ 1 ■ rs ■ [s 4 + 3rs 3 + 4r 2 s 2 + 3r 3 s + r 4 ) • (s 2 + r 2 ) 

+ 2ar- 1 S - 1 ■ (s 4 + 3r.s 3 + 4r 2 s 2 + 3r 3 s + r 4 ) • (s 2 + rs + r 2 ) ■ (s 2 + r 2 ) 

- 2ar- 1 S - 1 ■ (s 4 + 3r.s 3 + 4r 2 s 2 + 3r 3 s + r 4 ) • (s 2 + r 2 ) • (r + s) 2 
= 2ar- 1 S - 1 ■ (s 4 + 3r.s 3 + 4r 2 s 2 + 3r 3 s + r 4 ) • (s 2 + r 2 ) ■ (r + s) 2 

- 2ar- 1 s- 1 ■ (s 4 + 3rs 3 + 4r 2 s 2 + 3r 3 s + r 4 ) • (s 2 + r 2 ) ■ (r + s) 2 

= (because x — (uj[, u>i) — rs -1 , x — (wj, uo 2 ) = r~ 3 , y = (u}' 2 , u>i) = s 3 ). 



(iv) X = f 3 f 2 fi- By calculation, we get 120 relevant terms of A^ 4 '(A) in (*) 
and their pairing values listed in TABULAR 4 of Appendix. 
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If we sum up all the pairing values listed in each column of TABULAR 4, then 
we get the paring- values of (*): 

ay(l+3a;+5a; 2 +6x 3 +5a; 4 +3x 5 +x 6 ) - a(r+s)(r 2 +s 2 )[ l+2x+2x 2 +x 3 

+ xxy(l+3x+5x 2 +5x 3 +3x i +x 5 )} + ars(r 2 +s 2 )(r 2 +rs+s 2 )- 

[x(l+3x+4a; 2 +3x 3 +3; 4 ) + x 2 yx 2 {l+3x+4x 2 +3x 3 +x i ) } 

-a(rs) 3 (r+s)(r 2 +s 2 )[x 2 (l+3x+5x 2 +5x 3 +3x 4 +x 5 ) 

+ x 3 y(x 3 +2x 4 +2x 5 +x 6 ) ] + ar 6 s 6 x 3 (l+3x+Hx 2 +6x 3 +5x 4 +3x 5 +x 6 ) 

= as-' 3 (r+s) 2 (r 2 +s 2 )(r 2 +rs+s 2 ) 

- as~ 3 r~ 3 (r+s) 2 (r 2 +s 2 )(r 2 +rs+s 2 )(r 2 s+2r 3 +rs 2 ) 

+ as~ 3 r~ 3 (r 2 +s 2 )(r 2 +rs+s 2 ) 2 {r+sf - ar^ 3 s^ 2 (r+s) 2 (r 2 +s 2 )(r 2 +rs+2s 2 ) 

+ ar~ 3 (r+s) 2 {r 2 +s 2 ){r 2 +rs+s 2 ) 
= a(r+s) 2 (r 2 +s 2 )(r 2 +rs+s 2 )[s~ 3 - s~ 3 r~ 3 (r 2 s+rs 2 +2r 3 ) 

+ r~ 3 s~ 3 (r 2 +rs+s 2 )(r+s) - r~ 3 s~ 2 (r 2 +rs+2s 2 ) + r~ 3 } 
= 0. 

(v) X = f1f2.fi- By calculation, we get 120 relevant terms of A^(X) in (*) 
and their pairing values of (*) listed as in TABULAR 5 of Appendix. 

If wc sum up all the pairing-values in TABULAR 5, then we get the paring 
value of (*): 

ay 3 (l+3x+5x 2 +6x 3 +5x 4 +3x 5 +x 6 ) - a(r+s)(r 2 +s 2 )[xy 3 x 3 (l+2x 
+2x 2 +x 3 )+y 2 (l+3a;+5a; 2 +5x 3 +3x 4 +a; 5 ) ] + ars(r 2 +s 2 )(r 2 +rs+s 2 )- 
[y(l+3x+Ax 2 +3x 3 +x 4 ) + xy 2 x 2 (l+3x+4x 2 +3x 3 +x 4 )} 

- a(rs) 3 (r+s)(r 2 +s 2 )[xyx(l+3x+5x 2 +5x 3 +3x 4: +x 5 )+l+2x+2x 2 +x 3 } 
+ ar 6 s 6 x(l+3x+5x 2 +6x 3 +bx 4 +3x 5 +x 6 ) 

= a(r+s) 3 (r 2 +s 2 )(r 2 +rs+s 2 ) - as(r+s) 2 (r 2 +s 2 )(r 2 +rs+s 2 )(r 2 +rs+2s 2 ) 
+ a(r 2 +s 2 )(r 2 +rs+s 2 ) 2 {r+s) 3 - ar(r+s) 2 (r 2 +s 2 )(r 2 +rs+s 2 ){2r 2 +rs+s 2 ) 

= a(r+s) 2 (r 2 +s 2 )(r 2 +rs+s 2 ){r 3 +s 3 -s(r 2 +rs+2s 2 ) 
+ (r+s)(r 2 +rs+s 2 )-r(2r 2 +rs+s 2 )] 

= 0. 

Up to now, these five cases of A^ 4 )(X) have been checked. The proof is com- 
pleted by checking that the relations in B' cop are preserved for G2. □ 

Definition 2.4. For any two Hopf algebras A and U connected by a skew-dual 
pairing (,} one may form the Drinfel'd quantum double V(A, U) as in [KS, 3.2], 
which is a Hopf algebra whose underlying coalgebra is A®U with the tensor product 
coalgebra structure, whose algebra structure is defined by 

(6) (a ® /)(«' ® /') = £(<S W (/ (1) ), a' (1) )<(/ (3 )), a[ 3) )aa{ 2) ® / (2) /', 
for a, a' e A and /, /' 6 U, and whose antipode S is given by 

(7) S(a®f) = (l®Su{f))(S A {a)®l). 
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Clearly, both mappings A3 a>-> a®l £ P(.A, U) and W 9 / >-> 1®/ g T>(A, U) 
are injective Hopf algebra homomorphisms. Denote the image a® 1 of a in T>(A, U) 
by a and the image 1 ® / of / by /. By (6), we have the following cross relations 
between elements a (for a G A) and / (for / 6 U) in the algebra 2?(.4, U): 

(8) /a = a U))((/(3)), 0(3))0(2)/(2), 

(9) X)^d)' a (i))/(2)a( 2 ) = X) a (i)Ai)</(2)' a (2))' 

In fact, as an algebra the double T>(A, U) is the universal algebra generated by the 
algebras A and U with cross relations (8) or, equivalently, (9). 

Theorem 2.5. The two-parameter quantum group U riS (G2) is isomorphic to 
the Drinfel'd quantum double T>(B, £>'). 

The proof is the same as that of [BGH1, Theorem 2.5]. 

Remark 2.6. The proofs of Proposition 2.3 and Theorem 2.5 show the compat- 
ibility of the defining relations of U riS (G2), where the proof of Theorem 2.5 indicates 
that the cross relations between B and B' are precisely half the ones appearing in 
(G1)-(G4), and the proof of Proposition 2.3 then shows the compatibility of the 
remaining relations appearing in B and B' including the other half of (G1)-(G4) 
and the (r, s)-Serre relations (G5)-(G6). 



3. Lusztig's Symmetries from U r ^ s {G2) to L^-i, r -i (G2) 

As we did in [BGH1] for the classical types A, B, C, D 7 we call (U s -i_ r -i (G2), 
( I }) the associated quantum group corresponding to (U riS (G2), ( , )), where the 
pairing (u^| uij) is defined by replacing (r, s) with (s _1 , r _1 ) in the defining formula 
for (ui'^ujj). Obviously, 

<W-|Wj> = <Wj-,Wi>. 

We now study Lusztig's symmetry property between (U r , s (G2), ( , }) and its as- 
sociated object (U s -i_ r -i (G2), ( I )), which indeed indicates the difference in struc- 
tures between the two-parameter quantum group introduced above and the usual 
one-parameter quantum group of Drinfel'd-Jimbo type. 

To define the Lusztig's symmetries, we introduce the notation of divided-power 
elements (in ((7 s -i T -i(G2), ( I }) )• For any nonnegative integer k E N, set 

(k)i = S U ~ T U , (k)i\ = <l) i <2) i ■■■(k) i , 
and for any element ej,/j G (U s -i^ r -i (G2), ( | }), define the divided-power elements 

e! fe) ^/<%!, fl k) =f?/(k) l l- 

Definition 3.1. To every i (i = 1,2), there corresponds a Q- linear mapping 
% : (C/ r , s (G 2 ), (,)) — (f/ s -i, r -i(G 2 ), (I)) such that %(r) = s~\ %{s) = r~\ 
which acts on the generators Uj, uij, ej, fj (1 < j < 2) as 
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%{e i ) = -u)' i 1 f i , %{fi) = -(ns^eiuj^ 1 , 

and for i ^ j, 

here (ay ) is the Cartan matrix of the simple Lie algebra q of type G 2 , and for any 

s+ = j 2, if i <j, & a i:j ^ 0, 
13 1 1, otherwise . 

Lemma 3.2. %(i — 1,2) preserves the defining relations (G1)-(G3) ofU r ^ s (G2) 
into its associated object £/ s -i. r -i (G 2 ). 

Proof. For G 2 , we have 

uji) = rs^ 1 = (wi|u;i), (wi, w 2 ) = r~ 3 = (w 2 | 

(w 2 , w x ) = s 3 = (wi|w 2 ), (w 2 , ^2) = r 3 s~ 3 = (w 2 |w 2 ). 

We show that T2 preserve the defining relations (G1)-(G3). (Gl) are auto- 
matically satisfied. To check (G2) and (G3): first of all, by direct calculation, we 
have T fe ((u4, lu 3 )) = (T k (w[), T k (wj)) = (u/j, Ui) = (w<|w,-)> for *>i>* G {1. 2 }- This 
fact ensures that 7fc(fc = 1,2) preserve (G2) and (G3), that is, 

where checking other three identities is equivalent to checking the first one. □ 

Lemma 3.3. % (i = 1, 2) preserves the defining relations (G4) into its associated 
object {/ s -i, r -i(G 2 ). 

PROOF. Put A = r 2 + rs + s 2 . To check (G4): for i = 1,2, we have 

[%(<*), = (ns^io'r^fie, - ej^ 1 = 

[T 2 ( ei ),T 2 (.f 1 )] = [eie 2 - r 3 e 2ei , r«(/ 2 /i - s 3 /i/ 2 )] 

= rs{/ 2 [ei, /i]e 2 + ei[e 2 , / 2 ]/i - r 3 ([e 2 , / 2 ]/iei + e 2 / 2 [ei, /1]) 

- s 3 ([ ei , /!]/ 2 e 2 + ei/i[e 2) / 2 ]) + {rsf(e 2 [e u h]f 2 + /i[e 2 , / 2 ]ei)} 
tjgcji - c^X T 2 (tJi) -T 2 K) 
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and as for 



r 3 s 3 



Pi(e 2 ),7i(/ 2 )] = - ^ 2A2 [ {rs 2 fe 2 e\ - rs 3 Aeie 2 e 2 + sAe^ 2 ei - e 3 e 2 , 

(r 2 s) 3 /i 3 /2 - sr^flhh + rAhhfl - f 2 ff ] , 
we have to show that the above bracket on the right-hand side is equal to 

r — s 

To do so, we introduce the notations of "quantum root vectors" in terms of 
adjoint actions, as follows: 

E\2 = (adjei)(e 2 ) = e x e 2 - s 3 e 2 ei, 

Fi 2 = (ad r /i)(/ 2 ) = / 2 /i-r 3 /i/2, 
£112 = (ad/ei) 2 (e 2 ) = e\Eyi - rs 2 E 12 ei, 
F112 = (ad r /i) 2 (/ 2 ) = F 12 .h - r 2 shF 12 , 
E 1112 = (ad/ei) 3 (e 2 ) = e\e 2 - sAe\e 2 e Y + rs 3 Ae 1 e 2 e 2 1 - (rs 2 fe 2 e\, 
F m2 = (ad r A) 3 (/ 2 ) = / 2 / 3 - rAhhfl + sr 3 Af 2 f 2 fi - (r 2 S ) 3 / 3 / 2 . 

That is, we need to verify that 

[E nl2 ,F nl2 ]=A(r + s) 2 -^d^l. 

r — s 

By direct calculation using the Leibniz rule, we have 

[ei, F 12 ] = -Awi/2, [e 2 ,F 12 ] = /iw 2 , 
[Ei2,fi] = -Ae 2 u[, [E 12 ,f 2 ] = w 2 ei, 
cji^ 2 - o;^ 2 

-&l 2 ,-fl2 — , 

r - s 

[ei, F 112 ] = -(r + s) VFi 2 , [e 2 , F 112 ] = s(s 2 - r 2 )f 2 cu' 2 , 
[E112J1] = -(r + s) 2 S 12 ^, [S112, / 2 ] = Kr 2 - s 2 )^ 2 e 2 , 
[-F112, F i2 ] = (r + s) 2 wiw 2 ei, [S12, F112] = (r + s) 2 /^^, 

IP TTi 1 / , \2 ^i^ 2 ~ 

£/n2,Fn2 = (r + s) , 

r - s 



as well as 

[ei,F m2 ] = [ei, -F112.fi - fs 2 /ifii2] = -AwiFn 2 , 
[F112, F1112] = [F112, F112/1 — rs /1F112] 

= [Fn2, Fn 2 ]/i -rs 2 /i[Fii 2 ,Fii 2 ]+ F n2 [F;ii 2 ,/i] -rs 2 [Fii 2 ,/i]Fn 2 
= A(r + S ) 2 /icA4 
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[-B1112, -F1112] = [ei-Bn2 — r 2 sEn^ei, F1112] 

= [ei,F m2 ]Sii2 - r 2 sSii 2 [ei,F m2 ] + e-i[E 112 , F m2 ] - r 2 s[E 112 , Fimjei 
= Awi[£n2,.Fi 12 ] + A(r + .s) 2 [e 1 ,A] W fa )2 

= A(r + s) 2.^i^«_ 

r — s 

Thus, wc arrive at [Ti(e 2 ), 7i(/ 2 )] = Ti{[e 2 , h]) € U a -i ir -i(G 2 ). □ 

Lemma 3.4. 7^ preserves the {r 1 s)-Serre relations (G5)i,(G6)i into zis asso- 
ciated object U s -i r -i (G 2 ): 

(1) T 2 ( e2 ) 2 T 2 ( ei ) - (r 3 + S 3 )T 2 ( e2 )T 2 ( ei )T 2 ( e2 ) + (r S ) 3 T 2 ( ei )T 2 ( e2 ) 2 = 0, 

(2) r 2 (A)r 2 (/ 2 ) 2 - (r 3 + S 3 )T 2 (/ 2 )T 2 (/ 1 )T 2 (/ 2 ) + M 3 ^/!)^./,) 2 = 0. 
Proof. For the degree 2 (r, s)-Serre relation (G5)i 

e^ei - (r~ 3 + s~ 3 )e 2 eie 2 + r^s^e^ = 0, 

observe that 

(3) T 2 (e 1 )T 2 (e 2 )^r- 3 T 2 (e 2 )T 2 (e 1 )-r- 3 e 1 , T 2 (e 2 ) ei = s 3 ei T 2 (e 2 ). 
Making 7^ act algebraically on the left-hand side of (G5)i, we have 

r 2 (e 2 ) 2 T 2 ( ei ) - (r 3 + S 3 )T 2 ( e2 )r 2 ( ei )T 2 ( e2 ) + (r S ) 3 T 2 ( ei )T 2 (e 2 ) 2 

= r 2 (e 2 )r 3 (r 2 ( ei )r 2 ( e2 ) + r- 3 ei ) - (r 3 + s 3 )r 2 (e 2 )r 2 ( ei )r 2 ( e2 ) 

+ (r.s) 3 (r- 3 r 2 (e 2 )T 2 ( ei ) - r- 3 ei )T 2 (e 2 ) 
= 0, 

proving (1). The proof of (2) is similar. □ 
To prove that 71 preserves the Serre relations, we need three auxiliary lemmas. 
Lemma 3.5. In the notation in Lemma 3.3, we have 

[Em 2 Eii 2 — r 3 Eii 2 Em 2 , f 2 ] = 0. 
PROOF. Since eiEm 2 - r 3 Em 2 ei = ad ; (ei) 4 (e 2 ) = (Serre relation), and 
[-E1112, / 2 ] = [eiEi 12 - r 2 sEi 12 ei, f 2 ] = ei[E 112 , f 2 ] - r 2 s[E 112l f 2 ]ei 
= r 3 (r-s)(r 2 -s 2 )u; 2 e 3 1 , 

we obtain 

\E\\\ 2 E\\ 2 — r 3 Eii 2 Em 2 , f 2 ] = Eui 2 [Eu 2 , f 2 ] + [Em 2 , f 2 ]En 2 
- r 3 (E 112 [E 1112 , f 2 ] + [E 112 , f 2 ]E 1112 ) 
= r 3 (r-s)(r 2 - S 2 )a; 2 (e 3 E 112 - rke 1 E 1112 e 1 - (r 2 sf E 112 e 3 ) 
= r 3 (r-s)(r 2 -s 2 ) u 2 (e 3 E 112 - rAe 2 £ 112 ei + r 3 S &e 1 E 112 e\ - {r 2 s) 3 E 112 e 3 ) 
= r 3 (r-s)(r 2 -s 2 )LU 2 (ei • (SK) - rs 2 (SK) ■ ei) 
= 0, 

where (S1Z) denotes the left-hand-side presentation of the (r, s)-Serre relation (G5) 2 

e\E ll2 -r 2 (r + s)e 1 E 112 e 1 + r 5 sE 112 e 2 = 0, 
and we used the replacement Em 2 = e\En 2 — r 2 sE\\ 2 e\ in the third equality. □ 
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Lemma 3.6. In the notation in Lemma 3.3, we have 

[-Elll2-Ell2 — T En 2 E\n 2 , /l] = 0. 

PROOF. It is easy to check that [Em 2 , /1] = -AEu2(jj[. Thus 
[Ei 112 -£112 — r Ei 12 Ei 112, /1] = -E1112 [E112, fi] + [-E1112, /i]-Eii2 

— r 3 (iJii2[£'lll2, /l] + [Eii2, /l]-Elll2) 

= (r + s) [(r + s)((rs) 3 £ 12 .Eiii2 - ^1112^12) + r(r - «)A£? 12 ] wj. 
It suffices to show that 
(4) £m 2 £i2 = (rs) 3 ^i2-Eiii2 + r(r - s)(r + s)~ l AE 2 12 . 

At first, we note that the (r, s)-Serre relation (G5)i is equivalent to 

^I2e2 = r 3 e 2 Ei 2 . 

As eie 2 = -E12 + s 3 e 2 ei, we get 

£11262 = (z\Ei2 - rs 2 Ei 2 ei)e 2 = r 3 eie 2 Ei 2 - rs 2 Ei 2 eie 2 
= r 3 (Ei2 + s 3 e 2 ei)Ei2 - rs 2 Ei 2 {Ei 2 + s 3 e 2 ei) 
= r(r 2 -s 2 )E 2 2 + (rs) 3 e 2 {eiEi2 - rs 2 E 12ei ) 
= r{r 2 -s 2 )E 2 l2 + {r S ) 3 e 2 Eu 2 . 

Next, we claim 

£iii 2 e 2 = {rs 2 ) 3 e 2 Eni2 - r(rs-r 2 +s 2 )Eii 2 Ei 2 + (rs) 2 (r 2 +rs-s 2 )Ei 2 En 2 . 

Indeed, since Em 2 = eiEn 2 - r 2 sEu 2 ei, En 2 = eiEi 2 - rs 2 Ei 2 ei, eie 2 = 
E12 + s 3 e2ei, we have 

Eiii 2 e 2 = ei(E n2 e 2 ) - r 2 sE 112 (eie 2 ) 

= r(r 2 - s 2 )eiE 2 l2 + (rs) 3 (eie 2 )£ii2 - r 2 sE 112 ( ei e 2 ) 

= r(r 2 - s 2 )eiEf 2 + (rs) 3 Ei 2 En 2 + (rs 2 ) 3 e 2 eiEn 2 - r 2 sEn 2 Ei 2 

- (rs 2 ) 2 (En 2 e 2 )ei 
= r(r 2 - s 2 )Eu 2 Ei 2 + (rs) 2 {r 2 - s 2 )Ei 2 eiE X2 + {rs) 3 Ei 2 Eu 2 

+ (rs 2 ) 3 e 2 eiEn 2 - r 2 sE 112 E 12 - r 3 s 4 {r 2 - s 2 )E 2 12 ei - r 5 s 7 e 2 E n2 ei 
= (rs 2 ) 3 e 2 Eiii 2 - r(rs-r 2 +s 2 )E n2 E 12 + (rs) 2 (r 2 +rs-s 2 )Ei 2 En2. 
To prove (4), we first note that 

[(r+s)((rs) 3 E 12 E 1U 2 - Em 2 E 12 ) + r(r - s)AE 2 12 , h] 
= {r + s)(rs) 3 (Ei2[Eiii2, /1] + [£ i2 , /i]£iii 2 ) 

- (r + s)(E 1112 [E 12 , fi] + [£ 1112 , h]E 12 ) 

+ r(r - s)A{Eii 2 [En 2 Ji] + [E U2 , fi]E U2 ) 
= -(r + s){rs) 3 A(Ei 2 En 2 + s 3 e 2 E U i 2 )tj' 1 
+ (r + s)A(E 1112 e 2 + r 2 sEh 2 Ei 2 )lu[ 

- r(r - s)(r + s) 2 A(En 2 Ei 2 + rs 2 E 12 E U2 )uj' 1 , 
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which vanishes by the preceding identity. Second, instead of /i by f 2 in the above 
formula, we get 

[{r+s){{rsfE 12 E 1112 - E 1112 E 12 ) + r(r - s)AE 2 112l f 2 ] 

= {r + s)(rsf(r 3 (r 2 - s 2 )(r - s)E 12 uo 2 e\ + w 2 eiE 1112 ) 

- (r + s)(E 1112 L0 2 e 1 + r 3 (r 2 - s 2 )(r - s)uu 2 e\E 12 ) 
+ r 2 (r - s)(r 2 - s 2 )A(E 112 tu 2 e 2 1 + u 2 e\E 112 ) 

= (r + s)(rs) 3 cj 2 ((rs) 3 (r 2 - s 2 )(r - s)E 12 e\ + ei E ln2 ) 

- (r + s)Lu 2 ((r 2 S ) 3 E 1112ei + r 3 (r 2 - s 2 )(r - s)e 3 E 12 ) 
+ r 2 (r - s)(r 2 - s 2 )Au; 2 {{rsf E 112 e\ + e\E 112 ) 

= r 2 (r - s)(r 2 - s 2 )Au; 2 ((rs) 3 E 112 e 2 + e 2 E 112 ) 

-r 3 {r 2 -s 2 ) 2 u 2 (e 3 E l2 -(rs 2 ) 3 E l2 e 3 ) 
= r 2 (r - s)(r 2 - s 2 )Au; 2 ((rs) 3 E 112 e 2 + e 2 E 112 ) 

- r 3 (r 2 - s 2 fu 2 (e\E 112 + rs 2 ei E 112ei + {rs 2 ) 2 E ll2 e\) 

= (rs) 2 (r - s)(r 2 - s 2 )uj 2 (e 2 E 112 - r 2 (r + s)e 1 E 112 e 1 + r b sE 112 e 2 ) 
= (rsf(r - s)(r 2 - S 2 V 2 (ad, ei ) 2 (£ 112 ) 
= (rs) 2 (r- S )(r 2 -s 2 )cj 2 ( a d l e 1 )\e 2 ) 
= 0. 

Then, through an argument similar to the one used in the deduction of [BKL, 
Lemma 3.4], we get (4). □ 

By [BKL, Lemma 3.4], Lemmas 3.5 and 3.6 imply: 

Lemma 3.7. 

E\\\ 2 E\\ 2 — r 3 E\\ 2 E\\\ 2 = 0. 

Lemma 3.8. T\ preserves the {r 1 s)-Serre relations (G5)i,(G6)i into its asso- 
ciated object U s -i r -i{G 2 ), i.e., 

(5) Ti(e2) 2 7i(ei) - (r 3 + s 3 )T 1 (e 2 )T 1 (e 1 )T 1 (e 2 ) + (r*) 3 Ti(ei)7i(e 2 ) 2 = 0, 

(6) r^hmh? - (r 3 + S 3 )r 1 (/ 2 )T 1 (.f 1 )T 1 (/ 2 ) + (rsfr^hfT.ih) = 0. 
Proof. By direct calculation, we have 



(7) 



T 1 (e 2 )T 1 (e 1 ) = [ - —L— E,^] ■ (-u^/i) 
= .s 3 Ti(ei)Ti(e 2 ) } E 112 . 



rs 2 (r + s) 

Hence, to prove (5) is equivalent to prove 

r 1 {e 2 )E ll2 ~r 3 E ll2 T l (e 2 ) = Q. 

However, the latter is given by Lemma 3.7. 

The proof of (6) is analogous. □ 

To prove that T 2 preserves the Serre relations, we also need auxiliary lemmas. 
Write 

E 21 := (ad/e 2 )(ei) = e 2 ei - r~ 3 eie 2 , 
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and note that (G5)i is equivalent to {adie 2 )(E 2 i) — e 2 E 2 \ — s 3 E 2 \e 2 = 0, i.e., 
E 2 \e 2 = s 3 e 2 E 2 i. 

Lemma 3.9. 

[ei£& - sAE 21 e 1 E 2 21 +rs 3 AE 2 21 e 1 E 21 - (rs 2 ) 3 £&ei, /i] = 0. 
Proof. Since 

[E 2 i, fi] = r- 3 Ae 2 wi, W1.E21 = rs 2 E 2 iu>i, 

(8) [£ 2 2 1; /i] = r^s-^r + s)AE 21 e 2 cj 1 , J X E 2X = r 2 sS 21 ^, 

[£fi, fi}=r- 3 s- 2 A 2 El 1 e 2 u 1 , 

we get 

Ei - ^£fi - (rs 2 ) 3 ^^ - -A^!^^ WAi^^Ui 



r—s r—s r—s r—s 

= -(rsfAEl 1 u' 1 +rs 2 AEl 1 L J j' 1 E 21 
= 0, 

and 

[ei£& - sAE 21 e 1 E 2 1 +rs 3 AE 2 1 e 1 E 21 - (rs 2 ) 3 £ 3 iei , A] 

= ei[£ 2 3 i, fi] + [ei, /i^i - (rs 2 ) 3 (S 3 1 [ ei , /i] + [£*, AJex) 

- sA(S 2 iei[^2 2 i, /i] + E 21 [e u /i]S 2 2 i + [E21, h]eiE 2 2l ) 
+ rs 3 A{E 2 l e 1 [E 21l f{\ + E 2 2l [e u h]E 21 + [E 21 , h] ei E 21 ) 

= r- 3 s- 2 A 2 e 1 El 1 e 2 cj 1 + tHZ^B^ 

r—s 

- sA [r^s- 1 (r+s) AE^aE^e^ + E^^-^-E^ + r~ 3 Ae 2 u; 1 e 1 E^ 1 \ 

+ rs 3 A\r- 3 AE^ 1 e 1 e 2 i^ 1 + E ^ 1 ^ 1 E 21 + r- 3 s- 1 (r+s)AE 21 e 2 uj 1 e 1 E 21 } 

r—s 

- (rs 2 ) 3 (E 3 1 ^±+r- 3 s- 2 A 2 E 2 1 e 2 u Jl e 1 ) 

r—s 

= Ei + (r~ 3 s- 2 A 2 ) E 2 wi = (r- 3 s- 2 A 2 ) E 2 , 

where 

E 2 = eiE 21 e 2 - s 2 (r + s)£ 2 iei-E2ie 2 - (rs 2 ) 3 e 2 ei_B| 1 

+ rs 5 E 2 iei e 2 + r 3 s 5 (r + s^ieaei^i - r 4 s 5 E^ 1 e 2 e 1 . 
We next show E2 = 0- As E 2 \e 2 = s 3 e 2 E 2 \ and e2ei — r~ 3 eie2 = E 2 \, we get 
E 2 = (ei£&e 2 - (rs 2 ) 3 e2 e 1 S 2 1 ) + (rs b E 2 21 e 1 e 2 - r A s b E 2 21 e 2 e x ) 
- s 2 (r + s)E 21 eiE 21 e 2 + r 3 s 5 (r + s)i?2ie 2 eii?2i 
= -{rs 2 ) 3 E 3 21 - r A s b E 3 21 + r 3 s 5 (r + s)E 3 2l 
= 0. 

This completes the proof. □ 
Lemma 3.10. 

[d^ - sAE 21 e x E 2 21 + r s 3 AE 2 2l e x E 21 - {rs 2 ) 3 E 3 ^, f 2 ] = 0. 
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Proof. Noting that 

[E21, h] = -r~ 3 J 2 e x , E 21 uj' 2 = r 3 uj' 2 E 21 , 

(9) h\ = -r~ 3 J 2 {e x E 2X + r 3 E 2iei ), 

[E 21 , h] = -r~ 3 uj 2 (eiE^ + r 3 E 2lGl E 21 + r 6 £&ei), 

we obtain 

[ei^ - sAE 21 e 1 E 2 1 +rs 3 AE 2 1 e 1 E 21 - {rs 2 ) 3 E 3 2l e u f 2 ] 
= ei[£fi, / 2 ] - sA(E 21 e 1 [El 1 , f 2 ] + [£ 21 , f 2 ]e 1 E 2 2 1 ) 

+ r S 3 A(E 2 2iei [E2i, h] + hYiE 21 ) - (rs 2 ) 3 [E 3 21 , / 2 ] ei 
= -r- 3 tu' 2 {s 3 e 1 (e 1 E 2 1 +r 3 E 21 e 1 E 21 +r e E 2 1 e 1 ) 

- sA^rsfE^e^E^ + r 3 E 2iei ) + ejE^] 

+ rs 3 A[(r 2 s) 3 E 2 1 e 2 + { ei E 21 + r 3 E 2 ie 1 )e 1 E 2 i] 

-(r« 2 ) 3 (ei£& +r 3 E 2iei E 21 +r 6 E 2 1 e 1 )e 1 } 
= -r- 2 suj' 2 S. 

where 

5 = (r S ) 2 (r 3 - S 3 )( ei S 2 2 iei + E 21 ejE 21 ) + s 2 (2r 2 +rs+s 2 ){e 1 E 21 ) 2 
- r 5 S 3 (2 S 2 +rs+r 2 )(E 2iei ) 2 - (r+.s)(e 2 E 2 21 - (rs) 6 E 2 21 e 2 ) . 

It remains to prove 5 = 0, which by [BKL, Lemma 3.4] is equivalent to showing 
that [5, /1] = = [S, f 2 \. To this end, we first observe: 

Lemma 3.11. 

e\E 21 - sAe 2 £ 21 ei + rs 3 Ae 1 E 21 e 2 1 - (rs 2 ) 3 E 21 e\ = 0. 
PROOF. It is easy to see that 

e 3 £; 21 - sAe 2 E 2iei + rs 3 A ei E 21 e 2 - (rs 2 ) 3 E 21 e 3 = r~ 3 (adjei) 4 (e 2 ) , 

which is in fact the (r, s)-Serre relation (G5) 2 up to a factor r~ 3 . □ 
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Now set Si := [S, fi] for i = 1, 2. Using (9), we obtain 

5 2 = (r«) 2 (r 3 -* 3 )(ei[*&>/2]ei + / 2 ]e 2 £ 2 i + E 21 el[E 21 , f 2 }) 
+ s 2 (2r 2 +rs+s 2 )(e 1 [E 21 J 2 }e 1 E 21 +e 1 E 21 e 1 [E 21 J 2 }) 
-r 5 s 3 (2s 2 +rs+r 2 )([E 21 ,f 2 ]e 1 E 21 e 1 +E 21 e 1 [E 21 J 2 }e 1 ) 
-(r + s)(e 2 [E 2 1 J 2 }-(r S nE 2 1 J 2 }e 2 ) 
= (~r~ 3 ) { (rs) 2 (r 3 -s 3 ) [dw^ei^i +r 3 E 2iei ) ei + uj' 2 e 3 E 21 + E 21 e\J 2 e x \ 
+ s 2 (2r 2 +rs+s 2 )(e 1 oj 2 e 2 1 E 21 + aE^eW^i) 

- r 5 s 3 (2s 2 +rs+r 2 )(aj' 2 e 2 1 E 21 e 1 + E 2iei uj' 2 e 2 ) 

- (r + s) [elw'tfaEki + r 3 E 21 e x ) - {rsfJ^E^ + r 3 E 2iei )ej] } 

= {-r- 3 )uj' 2 {(r S ) 2 (r 3 - S 3 )[ S 3 ei ( ei E 21 +r 3 E 2iei ) ei + e 3 E 21 + (rs 2 ) 3 E 21 e 3 ] 
+ s 2 (2r 2 +rs+s 2 )(s 3 e 3 E 21 + (rs 2 ) 3 ei E 21 e 2 ) 

- r b s 3 {2s 2 +rs+r 2 )(e 2 l E 21 e 1 + (rs) 3 E 21 e 3 ) 

- (r + s) [s 6 e 2 { ei E 21 + r 3 E 2iei ) - {rsf{e x E 21 + r 3 E 2iei )e 2 ] } 

= (-r- 3 )(r S ) 2 (r 3 + S 3 K [e 3 E 21 - sAe\E 21 e x + rs 3 Ae 1 E 21 e 2 1 - (rs 2 ) 3 E 21 e 3 ] 
= 0. (by Lemma 3.11) 

Next we prove that Si = 0. Using (8) and noting that [e 2 , f\] — ^jj 2 • S1 ^^,~™ 1 ei, 
we can get 

Si = (r S ) 2 (r 3 - S 3 )([ ei ,/i]S| iei +e 1 [E 2 1 J 1 ]e 1 + ei£&[ei,/i] 

+ [E^J^elE^ + E 21 [e 2 l7 .h]E 21 + E 21 el[E 21 , fc}) 
+ s 2 {2r 2 +rs+s 2 ){[e 1 J 1 ]E 21 e 1 E 21 +e 1 [E 21l f 1 ]e 1 E 21 

+ ei^2i[ei, fi]E 21 + erE 21 e\\E 2X , /1]) 
-r 5 s 3 {2s 2 +rs+r 2 )([E 21 J 1 }e 1 E 21 e 1 +E 21 [e 1 J 1 ]E 21 e 1 
+ E 2 iei[E 2 i, /i]ei + E 2 ie 1 E 2 i[e 1 , /1]) 

- (r + S )([e 2 , + e 2 [£; 2 i, /1] - (rs) 6 ^, /i]e 2 - {rsf E 2 21 [e\, /1]) 

= (r S ) 2 (r 3 -, 3 ) f ii^^e! +r- 3 S - 1 (r+ S )A e i^ 2ie2 ^ iei + e ^ 2 1 i^^ 
\ r—s r— s 

_q o r+s swi — tuj'i o \ 

+ r 3 Ae 2 Lu ie (E 2 i H £21 L eiE 21 +r 3 AE 21 e(e 2 uj 1 

rs r—s ) 

+ s 2 (2r 2 +rs+s 2 ) \ X ~^ X E 2X e x E 2X + r^Aeiea^ieii^i 
\ r—s 

LO\ — _o \ 

+ ei-E 2 i S21 +r Ae\E 21 eie 2 w\ 

r—s J 

- r 5 s 3 (2s 2 +rs+r 2 ) ( r~ 3 Ae^^E^ + E 2X ^—^- E 2X ex 

\ r-s 

+ r A AE 21 e 1 e 2 uJie x + E 21 e x E 2 i 

r—s I 
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- (r+s) ( T+S 3U}l ~ TUl ei E^ +r- 3 s- 1 (r+s)Ae 2 1 E 21 e 2 u; 1 
\ rs r—s 

-r 3 s"(r+s)AE 21 e 2 Lu ie 2 - (rsf(r+s)E 2 1 ^^ e 1 

= A + B + C + D, 
where A,B,C,D are given as follows. 

Noting that W\E 2 \ = rs 2 E 2 iuoi and u[E2i = r 2 sE 2 i0j[, we have 

A : = (n) 2 A( WrW ;)£ 2 2 iei - r 5 s 3 (2s 2 +rs+r 2 )E 21 ^^E 21 e 1 

r—s 



r—s 

-r 5 s 4 (r 3 -s 3 )E 2 1 e 1 co 1 , 



B : = (rs)(r+s)AE 21 (suj 1 -ruj' 1 )e 1 E 21 + s 2 (2r 2 +rs+s 2 ) LUl r _ LU s 1 E 2iei E 21 

- r 5 s 3 (2s 2 +rs+r 2 )E 21 e 1 E 21 ( ^l = 0, 

r—s 

C : = (rsfAexE 2 ^-^) + s 2 (2r 2 +rs+s 2 )e 1 E 21 ^^-E 21 

r—s 

(r+s) 2 su^-ruA p2 

ei-f^i 

rs r—s 

^rs 2 (r 3 -s 3 )e 1 E 2 1 to 1 , 

furthermore, using E 2 \e 2 = s 3 e 2 E 2 i, r~ 3 e\e 2 — e 2 e\ — E 2 \ and e 2 e\ — E 2 \ + 
r~ 3 eie 2 , we get 

D : = r~ 3 A {(rs) 2 (r 3 -s 3 ) [s~ 1 (r+s)e 1 E 21 e 2 uj 1 e 1 + e 2 bJ X e\E 21 + E 21 e\e 2 u^\ 
+ s 2 (2r 2 +rs+s 2 )[e 1 e 2 u 1 e 1 E 21 + e\E 2X e\e 2 w\\ 

- r 5 s 3 (2s 2 +rs+r 2 ) \e 2 io\e\E 2 \e\ + E 2 \eie 2 unei\ 
-(r+s) 2 s- 1 [e^ 21 e 2 wi - (rsf E^e^e 2 } } 

= A{(rs) 2 (r 3 -s 3 )[(rs)- 2 (r+s)e 1 E 21 e 2 e 1 + (e 2 e x )e x E 2X + E 2iei (r- 3 ei e 2 )] 
+ s 2 (2r 2 +rs+s 2 )[r~ 1 se 1 e 2 e 1 E 21 + e x E 21 (r- 3 e^)} 

- r :s s 3 (2s 2 +rs+r 2 )[(e 2 e l )E 21 e l + r~ 2 s' 1 E 2 ie 1 e 2 e 1 ] 
-{r+s) 2 s 2 [ei(r~ 3 eie 2 )£; 2 i - r 5 s£ 2 i(e 2 ei)ei] } lo x 

= A {(rs) 2 (r 3 -s 3 )[(rs)~ 2 (r+s)eiE 21 e 2 ei + r~ 3 e 1 e 2 e 1 E 21 + E 21 eie 2 ei] 
+ s 2 (2r 2 +rs+s 2 )[r- 1 se 1 e 2 e 1 E 21 + e 1 E 21 e 2 e 1 - ei-E^] 

- r 5 s 3 (2s 2 +rs+r 2 ) [E 2 ^ + (rs)- 3 eiE 21 e 2 ex + r~ 2 s~ x E 21 e x e 2 e x \ 
-(r+s) 2 s 2 \e\e 2 e\E 2 \ - e\E 21 - r 5 sE 21 ei - r 2 sE 21 exe 2 ex\ } uji 

= (r 3 -s 3 ) (r 5 s 4 E 2 2iei - rs 2 ei E 2 21 ) Wl . 

Thus, we show S\ = A + B + C + D = 0. This completes the proof of Lemma 
3.10. □ 

The next identity is a consequence of Lemmas 3.9 and 3.10 and [BKL, Lemma 

3.4]. 
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Lemma 3.12. 

e x E\ x - sAE 2 ie 1 E% 1 + rs 3 AE^ 1 e 1 E 21 - {rs^E^a = 0. 

Lemma 3.13. T 2 preserves the (r,s)-Serre relations (G5) 2 , {GQ) 2 into its asso- 
ciated object U s -i^.-i(G 2 ). 

PROOF. For the fourth degree (r, s)-Serre relation (G5) 2 , we have to prove 

that 

M 6 T 2 ( ei ) 4 T 2 (e 2 ) - (r S ) 3 (r+ S )(r 2 + S 2 )T 2 ( ei ) 3 r 2 ( e2 )r 2 (e 1 ) 

+ (rs) (r 2 +s 2 )(r 2 +rs+s 2 )T 2 (e.fT^T^e,) 2 

- (r+s)(r 2 + S 2 )T 2 ( ei )T 2 (e 2 )T 2 ( ei f + T 2 (e 2 )T 2 ( ei ) 4 

vanishes. By virtue of the commutative relation in (3), this is equivalent to 

eiT 2 ( ei ) 3 - sAT^e^T^) 2 + r S 3 AT 2 ( ei ) 2 ei T 2 ( ei ) - {rs 2 ) 3 T 2 {e 1 ) 3 e 1 = 0. 

However, as T 2 {e\) = e\e 2 — r 3 e 2 ei = (— r 3 )E 2 i, the above identity is exactly the 
one given by Lemma 3.12. 

Similarly, we can verify that T 2 preserves the (r, s)-Serre relation (G6) 2 into its 
associated object U s -i^ r -i(G 2 ). □ 

Lemma 3.14. T\ preserves the (r,s)-Serre relations (G5) 2 , (G6) 2 into its asso- 
ciated object U s -i^ r -i(G 2 ). 

PROOF. For the fourth degree (r, s)-Serre relation (G5) 2 , we have to prove 

that 

(r S ) 6 7i( ei ) 4 7i( e2 ) - (r S ) 3 (r+ S )(r 2 + S 2 )T 1 ( ei ) 3 r 1 ( e2 )r 1 ( ei ) 
+ (rs)(r 2 +s 2 )(r 2 +rs+s 2 )T 1 (e 1 ) 2 T 1 (e 2 )T 1 (e 1 ) 2 
- (r+s^+s 2 )^)^)^) 3 + T 1 (e 2 )T 1 (e 1 ) 4 = 0. 
In view of the commutation relation in (7), this is equivalent to 

(10) 

E 112 T 1 (e 1 f-rAT 1 {e 1 )E 11 2T 1 {e 1 ) 2 +r 3 sAT 1 {e 1 ) 2 E 112 T 1 {e 1 )-{r 2 s) 3 T 1 {e 1 ) 3 E 112 =0. 
We can further reduce this condition to 

(11) E X2 T x (e x f - r 2 (r + S )T 1 (e 1 ) J Bi 2 T 1 (e 1 ) + r 5 S 7i( ei ) 2 E 12 = 0, 

as a consequence of the commutative relation 

En 2 Ti(ei) = rs 2 T 1 (e 1 )E 11 2 + r" 1 *^ + s) 2 E 12 , 

itself arising from the equalities [Eu 2 fi] = — {r+s) 2 E^uo^ andw^n 2 = rs 2 En 2 uj' 1 . 
Again, since [E 12 , fi] = — Ae 2 uj[, we have 

EuTiia) = ^sT^Eu + r- 1 sAe 2 , 

by which (11) is finally reduced to e 2 7i(ei) = r 3 7i(ei)e 2 , since 1~i(ei) = —oj'^fi. 
The proof of the second part is similar. □ 

Theorem 3.15. Ti and T 2 are the Lusztig's symmetries from f7 r>s (G 2 ) to its 
associated quantum group U s -i^ r -i(G 2 ) as ^-isomorphisms, inducing the usual 
Lusztig's symmetries as Q(q)- automorphisms not only on the standard quantum 
group U q (G 2 ) of Drinfel'd-Jimbo type but also on the centralizd quantum group 
Ug{G 2 ), only when r = q = s _1 . □ 
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4. Appendix: Some Calculations in the proof of Proposition 2.3 



For X = /1/2, the relevant terms of A^ 4 '(X) in (*) and their paring-values 
follows: 

TABULAR 1 



SUMMANDS 


1 


fiw^Wo <g> fia/ 2 (jJo (E fiwiwo (55 fiCJo ® f? 

,/ J. * 1 Z «/ J- 1 Z •/ -L J_ z •/ A z J £ 


a 


u[fl0j'i(J 2 ® flUl'iUl'2 <E flU)[w 2 <E flOJ 2 ® /2 




, ,12 f , ,1 , ,1 ,0, f , ,12, J i& t , J , J in, t , J <>. t 
j_ •/ J- 1 Z 1 z ■/ J- 1 z ■/ J- Z ■/ 


2 

x a 


w^fiWo (E fia/ 2 a>o (55 /"iu/wA (55 fiwi® f? 




fi u^wj CE fi w! <E fi Wo (55 fi wi (E> f? 


SB 


U)! fl0j( 2 U>'n (53 Wi flCi/Wo (E fl w! CJo <E f 1 Wo (E f? 




a/ 2 fi w! Wo (E fi a/ Wo (E fi lo'-, ujU (E fi Wo (E f? 




wi 3 fi (E a; J fi u>( wi (E fi u>\ <E fi <E f2 

J_ >/ -L Z 1 -L _L Z t/ J- 1 Z •/ -L Z «/ ^ 


4 

x a 


Ji^f w 2 (E wi 2 /i^ 2 (E /iwiw 2 (E /iw 2 (E /2 


2 


LU^flLu'iUJ^ ® ^i 2 /iw 2 <E /iwJwj <E /lW 2 (E /2 


x A a 


/ia^w 2 <E /iw 2 (E fiuj'^'2 <E /iw 2 <E /2 


4 

x a 


fiuj' 2 <E /lW 2 (E h^Wi ® /l w 2 ® /2 


x b a 


/iwi 3 w 2 (E /i^f w 2 (E wi/i^ 2 (E /iw 2 (E /2 


xa 


c^/ia^ 2 w 2 ® /iai^a; 2 (E wj/iw 2 (E /iw 2 ® / 2 


x z a 


/i^^ 2 ® fiuj'^u;^ <E wi/i^ 2 (E /iw 2 ® / 2 


x A a 


/i^ 2 (E /i^f w 2 (E wi/i^ 2 <E /i^2 <E /2 


4 

x a 


/iwf w 2 (E w^/ia)^ 2 (E w}/iW2 ® /iw 2 <E h 


x 2 a 


LU^flUj'iLU^ (E LU^flbj'^2 ® LO^flUJ^ <£> /lW 2 <H> /2 


x 3 a 


,fi^^ 2 (E wi/ia;ia; 2 ® wi/ia> 2 ® /iw 2 ® / 2 


4 

x a 


,fiw 2 (E a;J/iaiicJ 2 <E w'i/iw 2 <E f\u>' 2 <E /2 


x a 


/iwf w 2 (E ujffiLu' 2 (E wi/iw 2 (E /iw 2 /2 


x a a 


c^i/iwf w 2 ® ^i 2 /iw 2 (E wi/iw 2 <E /iw 2 (E /2 


x 4 a 


fiuj'^'2 <E /iw 2 <E wj/iw^ <E /iw 2 <E /2 


x 5 a 


wf/iw 2 ® fiuj' 2 ® u[fiuj 2 (E /iw 2 ® / 2 


x B a 



SUMMANDS 


2 


/iCjf Uj' 2 (g) /lWf W 2 ® /l^i^2 ® ® /l 


xa 


wi/iwf J 2 ® ® fiu'iOJ 2 (8> ^i/ 2 ® /1 


xxa 




xx 2 a 


u;f fiu 2 (g) /icjf w 2 <8> /iwiw 2 <8> ^1/2 <g /1 


xx A a 


/lu/^U^ (g UJ^f-yUj'^ (g /l^i^s (g W^/2 (g /l 


xxa 


CJ^/iCJ^ UJ 2 (8> ^l/l^'l^ ® flViW'2 <g ^1/2 <g /l 


xx l a 


wf/iw^a;^ <g u}[fiu>[u} 2 <g /i<^i^ 2 g ^'1/2 <g /1 


xx A a 


u'ifiu 2 (g u^/ia/^ (g fiuj[uj 2 (g w^/2 (g /1 


- 4 

xx a 


/iwfa; 2 (g w'^/iw 2 (g /i^^ 2 (g wi/ 2 g fi 


xx z a 


uj[fiu>iu>2 <8> /iu; 2 (g /iw^ 2 (g a;^/ 2 <g /1 


xx s a 


Uificj[uj2 <8> /iw 2 "g hu[u' 2 (g (g /1 


xx 4 a 


cjf /ia; 2 (g wi 2 /iw 2 (g /ia;ia; 2 (g cj^/2 g /1 


xx 5 a 



TWO-PARAMETER QUANTUM GROUP OF EXCEPTIONAL TYPE G 2 



h U JVLJVl AIN JJ h 


2 


£ f'S J so £ 12 1 so f £ 1 so t £ so £ 




-f .'2 J AO £ J2 ,/ ,o ,/ £ J <~y. J £ AO £ 

uj 1 Jiuj 1 <jJ 2 (g Jl^x uj 2 <g> uj 1 Jiuj 2 (g) J 2 g> /l 


xx 2 a 


Uj{fiUJ l UJ 2 (g /lOJjWj (g Wi/lW 2 ® W l/2 <g Jl 


- 3 

no 


fill}' 6?) fitij'^h)' 6?> I,/ fifj/ (yd!,} 1 fo 6?) fi 


- 4 
r v r v r\ 

JUJU Hi 


fiuj'?uL (g fiaji (g fidji (g u/ f 2 g fi 


xx l a 


a/ fiuj'i 2 u>' 9 (g w! huj\ujL (g fia;^ (g f2 g fi 


xx A a 


fiu/ CJo (g w! fiWi OJo (g Uj\ fiU>' 9 (g w! f2 <g fl 


- 4 

xx a 


J? f\Uj' (g w! /W CJa g w! Acjo ®wi/ 2 ® A 


xx 5 a 


fl<jj'?Uj'n (g flOji g a/ fiOjL g (J, f 2 g> f\ 


xx a a 


CJi flUj'?UJ 9 (g OJi 2 fll^a (g u>\ flLj'r, (g u! f 2 g> fi 


- 4 

xx a 


a/ 2 fiCJi Wo (g OJi 2 fi^a (g (j! fiLOn (g / 2 <g fl 


xx 5 a 


Uj'?flUjL (g wf/jw!, (g /iCJ^, (g CJ, / 2 ig /l 


xx^a 


SUMMAJNDS 


3 


£ f'A / <r> £ f'2 t /r> 1*2, £ try 1 £ <->, £ 

f\LO{UJ 2 <g flLO{L0 2 (g / 2 (g U^/l (g /l 


-2 

x xa 


,/ -f ,/2 J o £ J'2 J J2 £ /o J £ /o. £ 
LO l flLO{U 2 (g }\U{U 2 ® ^1 12 ® ^1 Jl ® Jl 


x 2 x 2 a 


,/2 -f J , J so, £ J'2 J so, J2 £ ao J £ i<o £ 
LO{f 1 UJ 1 UJ 2 (g Jl^i W 2 ® ^1 J2 <8) WxJl (g Jl 


x 2 x 3 a 


f 'S £ f so £ V2 f to V2 £ so t £ so £ 

uj{fiuj 2 (g fiuj'{uj 2 (g uj'{h <8) Ji (g Ji 


-2 4 

x x a 


^ f3 f so t £ t t so 12 £ so t £ so £ 

f\LO{UJ 2 <g U) l flU) l U) 2 (g / 2 (g U) l fl (g Jl 


-2 2 

x x a 


/-f /2 f so ! £ f f so. 12 £ so f £ so £ 

W\J\LO'-yW 2 <g LU 1 JiUJ 1 L0 2 (g t4 Z J 2 <g ^i Jl <g Jl 


-2 3 

x x a 


J2 £ J J so. J £ J J so J2 £ so J £ so-. £ 

LO{JiUJ 1 UJ 2 (g LO l J\LO l UJ 2 (g UJ{J2 <8> ^1 Jl <g Jl 


x 2 x 4 a 


/i5 -f J i<o , J £ J J so J2 £ so J £ so. £ 

JlW 2 (g Wi Jl^iW 2 (g <8> ^i Jl (g Jl 


-2 5 

xx a 


£ Ki f so 12 £ f so. 12 £ so t £ so £ 

J\L0{UJ' 2 (g L0'{ flL0 2 (g Uj'{f 2 lg Jl <g Jl 


-2 3 

x x a 


LO l jiLO{Uj' 2 (g t^i JlW 2 (g W'i J 2 <g ^i Jl (g Jl 


-2 4 

x x a 


/2 -f J J so. J2 £ J so. J2 £ so J £ so. £ 

LO{! 1 LO l L0 2 <g Wi JlW 2 (g Wf/ 2 (g CJ X Jl (g Jl 


-2 5 

xx a 


/^J* / /T5V 12 £ so t £ so £ 

LO{f 1 UJ 2 (g U{fl<J 2 (g <g W x Jl (g /l 


-2 6 

xx a 


^ f'A f so £ 12 f so 12 £ so £ t so £ 
f\LO{Uj' 2 <g Jl^i W 2 (g Wi Z / 2 (g JlCJ^ (g fl 


-2 

x a 


f £ 12 t so £ 12 t so 12 £ so £ 1 so £ 

LO l flLO{UJ 2 (g flU){L0 2 (g U{}2 <g Jl^l <g Jl 


-2 

x xa 


J2 £ , J , J so £ , J2, J so , J2 £ so £ , J so £ 

L0 l J\UJ 1 UJ 2 (g Jl^i L0 2 (g 0J 1 f 2 <8> Jl^i (g Jl 


x 2 x 2 a 


, £ , J so £ , J2, J ao , ,12 £ so £ , J so £ 
L0 l }iLJ 2 (g Ji^ L0 2 ®U l j2® JlUJ 1 g Jl 


x 2 x a a 


f\J^J 2 (g J x hJ x J 2 (g U?f 2 <g /i^i (g /l 


x 2 xa 


wi/iwf w 2 (g wi/W^ (g wf/ 2 (g /l^i (g /l 


x 2 x 2 a 


(g jW^ (g / 2 (g fiu[ (g /1 


x 2 x 3 a 


^1 fl^2 ® ^\fl^\^2 ® ^1 J~2 ® fl^l ® /l 


-2 4 

xx a 


/iwf w 2 (g w^/iw^ wf/ 2 (g /i^i g /l 


x 2 x 2 a 


Lj'JiLj; 2 ^ <g w'^/i^ (g wi 2 / 2 (g /i^i (g /l 


x 2 x 3 a 


/iwiw 2 (g ^i 2 /i^ 2 <g ^f/2 <8) fiuj[ (g /1 


-2 4 

x x a 




-2 5 

xx a 



SUMMANDS 


4 


fxJ?J 2 ® u'?f 2 (g /icj'i 2 (g wi/i h 


x 3 xa 


J x hJ^J 2 ® Lu'*f 2 (g fx^x ® Wi/i ® /l 


x 3 x 2 a 


wf/iu/^ (g wi 3 / 2 (g /iwf <g W^/l (g /1 


x 3 x ,:i a 


^'lfl^ ® ^1 f'2 ® fl U 'l ® w'l/l <g /l 


-3 4 

x x a 
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h U 1V11V1 AiN JJ h 


4 


£ f'-i f o f'S £ o / £ f o (£<->,£ 


-3 2 

a; a; a 


cu 1 f 1 uj{uj 2 (8) (8 w x A^i ® a^/i (8 A 


-3 3 

xx a 


/ / x"x f 'A £ <~x t £ t O f £ <~x £ 

uj{jiuJ l uJ 2 ® UJ £f 2 <8 ^i/i^i <8 Wx/i <8 A 


-3 4 

xx a 


'3 -f Jo J'6 £ /o ,/ -f Jo J £ o, £ 

uj{ /icj 2 <8 c^i / 2 <8 Wi/i^i <8 Wj/i <8 A 


-3 5 

xx a 


J? /3 / x-x F 'S £ o I'l £ o /£<->,£ 

Jiu{u 2 <8 <8 /i <8 Wi/i <8 /i 


-3 3 

xx a 


uj 1 f 1 uj{uj 2 (8 /2 <8 wf/i (8 Wi/i <8 /i 


-3 4 

xx a 


/ to /3 -f x-* /2 .f / x"x f £ srx £ 

uj{fiuj l uj 2 (8 /2 <8> o>i 71^ (8 A (8 7i 


-3 5 
xx a 


/3 -f ./ xrx ./3 -f /C^ ,'2 £ o J £ o £ 

Uifiu 2 <8 72 <8 a>i 7i <8 o^/i <8 A 


-3 6 

xx a 


-f /3 / x-x W £ o. £ f'2. o £ f o £ 

}ilo{u 2 (8 Wi 72 <8 7i^i ® 7i^i ® 7i 


-3 

ara 


/ -f /!2 / x-x f'& £ o £ t'Z o -f f o £ 

Lo' 1 f 1 u' 1 z u 2 (8 72 <8 Ti^i <8 7i^i ® A 


-3 

x xa 


.'2 -f J.Jo, J'i £ o £ J'2 o £ J o £ 

u-y h^\^2 ® u lh ® 7l^i ® 7l^i ® 71 


x^x^a 


<*>i 71^2 ® w i 72 <8 7i^i "8 7i^i ® 7i 


x 3 x 3 a 


A«4M (8 w£7 2 (8 wi/iwi <8 A^i <8 /i 


x 3 xa 


wi/iwf w 2 8) wi 3 / 2 <8 wi/i^i /i^i (8 /i 


x 3 x 2 a 


wfA^i^ (8 wf/2 <8 wi/iwi (8 A^i <8 /i 


x 3 x 3 a 


wf*/i^ ® wf/ 2 ® wi/iwi (8 A^i ® /i 


x 3 x 4 a 


/iu4 3 u; 2 <g> wf/2 <8 wJ7i (8 /iwi <8 /i 


x 3 x 2 a 


wj/iwf 4 w 2 wi 3 / 2 (g) wf/i (8 /iwi (8 /i 


x 3 x a a 


/iwX / 2 ® w^/iwi <8 /iwi /i 


-'-! 4 

xx a 


wf7iw£ (8 wf/a ® w^/i ® Awi ® A 


x 3 x 5 a 



SUMMANDS 


5 


wi 4 A <8 A^f ® A^f ® wi A ® A 


-4 

x xa 


^i 4 A <8 cj; A^i 2 ^ A^f ® wi/i ® A 


x 4 x 2 a 


^i 4 A <8 cj'^A^i ® Aw? ® wi A ® A 


-4 M 

xx a 


^i 4 A <8 wj 3 A ® A^f ® wi/i <8 A 


-4 4 

xx a 


wi 4 A <8 /iwf wi/ic^i (8 wi/i (8 A 


-4 'J 

xx a 


w' 4 /2 <8 w^A^i 2 ® wi/iwi <8 wi/i (8 A 


-4 '•! 

x x a 


w' 4 /2 <8 uj'ifi^ ® u'xfiu'x <8 uj'Ji (8 A 


-4 4 

x x a 


c/ 4 A <8 cj ,3 A ® wi/iwi ® wi A ® A 


-4 5 

x x a 


w ,4 A <8 A^f ® wfA ® wi A ® A 


-4 '•! 

xx a 


^i 4 A <8 A^ ® wf 4 A ® wi A ® A 


-4 4 

x x a 


^i 4 A <8 ^A^i ® wfA <8 A 


-4 5 

xx a 


^i 4 A <8 wfA ® A ® wi/i <8 A 


-4 6 

xx a 


w ,4 A <8 A^f ® A^i z ® A^i ® A 


-4 

x a 


w ,4 A <8 ^iA^i 2 ® hv'i (8 A^i <8 A 


-4 

x xa 


w' 4 A <8 A^i ® Aw? ® A^i ® A 


-4 'J 

x x a 


w' 4 A <8 wfA ® Aw? ® A^i ® A 


-4 '•! 

x x a 


^i 4 A <8 h^i ® wi/iwi ® <8 A 


-4 

x xa 


^i 4 A <8 cj; A^f ® wi/iwi <8 /iwi (8 A 


-4 2 

xx a 


^i 4 A <8 cj^A^i wi/iwi <8 A^i (8 A 


x 4 x :i a 


<A <8 cj ,3 a ® wi/iwi ® A^i ® A 


-4 4 

xx a 
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SUMMANDS 


5 


1^1 f 2 ® /lWf ® wJ7i ® /l^i ® /l 


-4 'J 

a; a; a 


wi 4 / 2 u/Jiu? ® U?fi <g' /iWi <8> /l 


-4 '-! 

xx a 


wi 4 / 2 W^/l <g /xwj /i 


-4 4 

xx a 


wi 4 / 2 wf/i <g wJ7i /xwi ® /i 


-4 5 

xx a 



The relevant terms and the pairing- values of A( 4 )(X) for X = / 2 /i in (*) are 
as follows: 

TABULAR 2 



SUMMANDS 


1 


fi uj? (5?) fi lj^ 2 (5?) tiiji, fi CR) loL fi (5?) fo 
2 / 1 1 2** 1 1 2/ 11 ^ 2 J 1 / 2 


4 


Li/ 1 LA/ ' > / vL/ T v^jy W/ ' > / L 1 J J _L 1 / J \. J Z, 


4 

cixy 


LsJ^ujL fi lj^ 6$ ujL fi (53 fi oj( (53 oj^ fi 6d fo 

Li/ 1 u/n j J^l^-i l^o J J_'-^n j J^^'l v_y >-l/q ^ v_y J 2i 


'2 4 

ax y 


UjPlljL fi (53 LJ^ fi (53 LJ^, fi Lj'l (53 OJ^, fi (X) fo 
1 2J 1 ^ 2 J 11 2 J 11 ^ ^2^1 ^-^ «/ 


3 4 
ax y 


Ll)L fi Lj(^ (5?) Lj{ bjL fi LJ^ (53 LiJ^ fi Ll){ (53 Lji fi (53 fo 

2^ 11 12^ 11 ^ 2-/ 1 1 ^ 2^1 » ^ 


4 

(xxy 


ii)L fi ("^{^ 5?) (i)L fi 6?) ii)L fi fjj{ (53 ("jji fi (53 fo 


•1 & 
ax y 


fi f j 5?) fi 6?) fi cx) ("jjl fi (53 fo 


'1 4 

dx y 


Ujfuj' 2 fl (g) U^U^flU^ ® w' 2 flWl ® W 2 /l ® /2 


A 4 

ax y 




•1 & 
ax y 


oj^^/x^f (g) w^o; 2 /i (8) ^2/1^1 ® ^2/1 ® /2 


3 4 
ax y 


oj^^/itj^ (g) o/^u^/i (8) 0J 2 fi0j[ ® w 2 /i ® /2 


4 4 
ax y 


wfo; 2 /i (g) wi 2 w 2 /i w 2 /i^i ® w 2 /i ® f 2 


h 4 

ax y 


Uj' 2 flUJl (8> ^/l^f (g) W^/l «) w 2 /i (g) / 2 


4 

axy 


w^o; 2 /ia;f (g w^/ia;^ (g a;^ 2 /! (g a; 2 /! (g / 2 


•1 A 

ax y 


Cjf Oj' 2 fl^'i <g W 2 /lwf ® ^i^ 2 /l ® ^2/1 ® /2 


3 4 

ax y 


wfo; 2 /i (g w 2 /i^i 2 (g wi^a/i <g w 2 /i (g / 2 


4 4 

ax y 


U>' 2 flL0'i (g 0^0-4/1 0-4 ® ^l^/l ® W 2/l ® /2 


•1 A 

ax y 


cj^^/i^ 2 (g o;^o; 2 /ia;^ (g> u' x L0 2 j\ (g w 2 /i (g / 2 


3 4 
ax y 


u 2 fiLu[ (g Lu'^fi^ (g w^o; 2 /i (g w 2 /i (g / 2 


4 4 
ax y 


o; 2 /i (g J x u' 2 f\J x (g w^ 2 /i (g w 2 /i (g / 2 


b 4 

ax y 


uj' 2 fiuj'i (g wi 2 w 2 /i (g ^i^ 2 /i <8 w 2 /i (g / 2 


3 4 

ax y 


w^g/io;' 2 (g wfcj 2 /i <g w^^/i (g u; 2i /i (g / 2 


4 4 

ax y 


cjf w 2 /i^i (g w^w 2 /i <g w^ 2 /i (g o; 2 /i (g / 2 


5 4 

ax y 


o; 2 /i (g u™u' 2 fi (g cj^o; 2 /i (g w 2 /i (g / 2 


6 4 
ax y 




SUMMANDS 


2 


cj 2 /icjf (g ^Ziwf (g w 2 /ia;i (g / 2 u4 <g /1 


ay 6 


cj^^/iwf (g u' 2 fiu™ <g w 2 /iwi (g / 2 ^i <g /l 


axy A 


o; 2 /io;i (g w 2 /iwf <g w 2 /iwi (g / 2 ^'i <g /1 


ax l y A 


Uj'lL0 2 fl (g ^ 2 /l^'i 2 <g ^ 2 /l^i <g /2^1 ® /l 


ax i y i 


uj' 2 fiuj'i (g u'^fiLU^ (g a; 2 /i^i <g /2^i <g /l 


axy 6 


cj^w^/iwf (g uj' x uj' 2 j\uj' x (g uj' 2 f\uj' x (g (g /l 


ax y° 


Cjf W 2 /l^i (g U^U^flU^ (g U)' 2 j\L0' x (g / 2 a4 <g /l 


ax 6 y A 


o; 2 /i (g J x uj' 2 f\J x u 2 f x u' x (g / 2 u;i <g /1 


ax^y A 
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h U JVLJVl AIN JJ h 


2 


^2/1^1 ® oj'{uj' 2 h eg u' 2 f\u\ ® 72^1 ® /1 


•2 3 

ax y 


uj l uj 2 jiuj{ (g) WjW 2 /i (g oj 2 J\uj 1 ® J 2 lo 1 g> Ji 


3 3 

ax y 


.'2 ■£ Jo J'Z J £ J £ J -f J £ 

uj 1 uj 2 Jiuj 1 eg lo 1 uj 2 Ji (g uj 2 Jiuj 1 (g) /2^i <8> /1 


ax^y 6 


f'6 J £ ./2 J £ J £ J 0, £ J £ 


5 3 
ax y 


/ -f f6 /O ! £ f'Z f f £ £ f £ 

u> 2 h^i ® u 2 hvi eg ^1^2/1 ® /2^i ® ji 


axy 


UJ 1 L0 2 JiUJ 1 (g)UJ 2 JiUJ 1 <g> U X UJ 2 J\ (g 72^! <g /l 


ax^y 6 


VI 1 £ / /r> / .£ f'Z / t £ nrx £ t £ 

UJ{U 2 J 1 U 1 (g U 2 J\U{ ig <j) x L0 2 j\ (g 72^1 ® 71 


3 3 

ax y 


t'6 J £ J £ JZ /O, J , J £ /On -f J <rx £ 

uj{lo 2 Ji (g uj 2 Jiuj{ (g uj 1 uj 2 Ji g / 2 a; 1 g) 7i 


4 3 

ax y 


UJ 2 flUj'l (g Uj'^flLO^ (g LO^fl (g / 2 C^ <g /l 


ax A y A 


cj[w 2 /iu;f (g J x J 2 f\J x (g u^u^/i <g 7W1 <g /1 




Cjf J 2 f\J x (g lo' x ld 2 f\lo' x g U^U^/l <g ,/W'l g /l 


4 3 

ax y 


o; 2 /i (g uj'^fiuj^ <g u/^/i (g / 2 cj^ <g /1 


ax y 


CJ 2 /iCjf (g w^u; 2 /i (g w^/i ® /Wi <8> /1 


ax A y 6 


u/^/W] 2 (g W 2 /l (g Uj[uj 2 fl (g 7W1 Cg /l 


4 3 

ax y 


u; 2 /iu4 (g wfw 2 /i (g u/^/i <g / 2 ^i (g /1 


ax y 


wfu^/i (g ^i 2 ^ 2 /i <g ^m/i (g /Wl ® /l 


ax^y 6 




SUMMANDS 


3 


w 2 /io;f (g w 2 /ia;i 2 / 2 w? <g wj/i <g /1 


axy 1 


wX/Vi 2 (g w 2 /ia;i 2 / 2 wf wi/i (g /1 


ax' 2 y' 2 


w^a; 2 /ia;i (g u^/ia/^ eg /Wj 2 eg w^/i eg /1 


ax :i y 2 


w 2 /i eg ^/iwf eg / 2 u;; 2 eg wj/i eg /1 


4 'j 
ax y 


w 2 /ia;f eg wi^/ia;; eg / 2 wf eg w^/i eg A 


ax 2 y 2 


J x J 2 jxJ'-l eg t/^iVi eg 7W 2 eg u^/i eg /1 


ax A y 2 


w 2 /i^i eg u/^iVi eg 7W 2 eg u[fi eg /1 


4 'j 
ax y 


wj 3 w 2 /i eg c^c^/iwi eg t" 2 ^ 2 eg ^i/i eg A 


ax y 


w 2 /ia;f eg u/^/i / 2 w? eg wi/i (g /1 


ax :i y 2 


^i^/ia;; 2 eg w^w^/i es / 2 wf eg wi/i eg h 


4 'j 
ax y 


J'{J 2 hu' x ® u'?u 2 h eg / 2 u;f eg wi/i eg h 


ax b y 2 


d?d 2 h (g a; 2 /i / 2 wf c^i/i eg /1 


ax^y 2 


w^/iwf (g t^/it^ / 2 wf eg /iwi eg /1 


ay 2 


^^2/1^ eg t^/it^ /2W1 4 eg /iwi eg /1 


axy 2 


wi 2 a; 2 /ia;i eg J 2 h^x ® f2^i ® /l^i ® /1 


ax 2 y 2 


w 2 /i eg a; 2 /ia;i 2 / 2 w? e3 /i^i eg h 


ax :i y 2 


u'Jxu'f eg wi^/iwi eg f 2 oj'i eg /i^i eg /1 


axy 2 


c^u^/iu/] 2 eg wi^/i^i 8> / 2 wf (g /i^i eg /1 


ax 2 y 2 


Lo 2 fiLo[ eg Wi^/i^i eg / 2 wf es /i^i eg /1 


ax A y 2 


u'fuzfi eg wiu^/iwi eg A^i 2 <g fi^[ <g /1 


4 'j 
ax y 


w 2 /ia;f eg u/?(J 2 h ® f 2 uj'i /iwi eg /1 


ax 2 y 2 


wia; 2 /ia;i 2 eg wf^/i / 2 wf /i^i eg h 


ax s y 2 


J'fJ 2 hu' x eg wf^/i /2W1 4 es /i^i eg /1 


4 'j 
ax y 


w 2 /i eg wf^/i / 2 wf eg /i^i eg /1 


ax b y 2 



TWO-PARAMETER QUANTUM GROUP OF EXCEPTIONAL TYPE G 2 
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h U JVLJVl AIN JJ h 


4 


/ £ fA so £ fA x-x £ VI to f £ <~x £ 


axy 


-f O -f JA tO, £ J'2 A J £ ST* £ 

L0 1 U 2 }iU 1 ® / 2 ^1 ® Jl^l ® ^1 Jl ® Jl 


ax 2 y 


f'l f £ I so, £ fA to £ V2 to f £ <~>. £ 
LO{UJ 2 f 1 UJ l ® / 2 ^1 ® Jl^l ® ^1 Jl ® Jl 


3 

ax y 


fA J £ to. £ JA /o* -f ./^ /O, J £ to £ 
LU{L0 2 Jl ® J 2 ^i ® Jl^f ® U^/l ® Jl 


4 

ax y 


/-f VA/o£ ?A to, f £ f f £ to £ 
L0 2 flLO{ ® / 2 ^1 ® ^1 Jl^l ® ^1 Jl ® Jl 


'2 

ax y 


/ /-f V2 to £ VA to, 1 £ 1 to f £ to £ 

LO l U) 2 flU>{ ® J2W1 ® ^1 Jl^l ® ^1 Jl ® Jl 


3 

ax y 


V2 1 £ 1 to £ VA to, 1 £ 1 to f £ to £ 


4 

ax y 


/'A J £ <-x £ JA to. J £ J -0 J £ to, £ 

W 2 Jl ® J2^i ® Jl^i ® ^! Jl ® Jl 


b 

ax y 


/ -f VA to £ VA <o V2 £ to, f £ <o £ 


3 

ax y 


/ / -f V2 to £ fA to, V2 £ to f £ to £ 


4 

ax y 


VI f £ 1 to £ VA to VI £ to f £ to £ 

LO{UJ 2 f 1 UJ l ® /2a;] ® Jl ® W X Jl ® Jl 


b 

ax y 


/A J £ to. £ JA to J2 £ to, J £ <~\ £ 

LO{L0 2 !l ® J 2 Wi J ® WfJi ® t^/l ® Jl 


ax y 


/ £ f A to £ f A to, £ V2 to £ f to £ 
L0 2 flLO{ ® f 2 LO{ ® JlWf ® /lW 1 ® Jl 


ay 


/ f £ VI to £ VA to, £ V2 to £ f to £ 
LO l U) 2 flUj{ ® f 2 U){ ® /lU/f ® /l^i ® Jl 


axy 


, J2 , J £ , J to £ , J A to, £ , ,V2 to £ , J to £ 

W 1 UJ 2 fiU 1 ® J 2 ^i ® Jl^! ® JlO^ ® Jl 


ax 2 y 


,/X 7 J* x-v r , ,/^5 x-x £ , ,V2 to £ , J /o £ 


ax :i y 


w 2 /iu;f ® /2W1 3 ® jWi ® ® /l 


axy 


J x J 2 h^x ® jW^ ® ^i/l^i ® fWl ® /l 


ax 2 y 


uf^/i^i ® / 2 wi 3 ® wi/iwj ® jWi ® /1 


ax :i y 


w 2 /i ® h^x ® wi/i^i ® /xwj ® A 


4 

ax y 


w^/iwj 3 ® / 2 u;f ® wf/i ® ® fi 


ax 2 y 


J x J 2 h^X ® /2^i 3 ® Wi7l ® /iwi ® /l 


ax :i y 


w^o; 2 /ia;i ® / 2 wi 3 ® wf 4 /1 ® /i^ ® /1 


4 

ax y 


w 2 /i ® /2^f ® ® Awi ® /1 


ax°y 



SUMMANDS 


5 


JW1 4 ® /iwf* ® /iwf ® wi/i ® /l 


ax 


Aw; 4 ® wi/iw? ® /iwf ® wi/i ® /1 


ax 2 


Aw; 4 ® cj'^/ilj; ® /iwf ® wi/i ® /1 


ax :i 


/ 2 ^i 4 ® Wf/i ® /i^f ® LU'J! ® /1 


4 

ax 


A^' 4 ® ZiwJ 3 ® wi/i^i ® wi/i ® /l 


ax 2 


/2< ® U/J1U1 ® W'l/iw'l ® W'l/l ® /l 


ax 3 


/ 2 w'i 4 ® wf'/iwi ® wi/iwi ® w'i/i ® /1 


4 

ax 


/ 2 a;i 4 ® wf/i ® wi/i^i ® wi/i ® A 


ax 5 


jW 4 ® /lW^ ® W^/l ® Uj'Ji ® /l 


ax 3 


/ 2 cj'i 4 ® wi/iw? ® /1 ® ^i/i ® /l 


4 

ax 


Alj; 4 ® w^/iwj ® wf/i ® ^i/i ® fl 


ax b 


f 2 0J? ® wf/i ® w^/i ® ^i/i ® fl 


ax e 


/2w'l 4 ® /lWf* ® flUj' 2 ® /l^i ® /l 


a 


® tj'i/lLjf ® /iwf ® /i^i ® /l 


ax 


/2wf ® W^/lwJ ® /iwf ® flUj[ ® /l 


ax 2 


/ 2W /4 ® wf/i ® /iw? ® /iwi ® h 


ax 6 
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<ST TA/T1\/T A 1\TT»G 

S U 1V11V1 AIM D o 


o 




ax 




ax 2 


/2c/ 4 <8 w^/iwj wi/iwi <8 /iwi <8 /l 


ax A 


/ 2 wi 4 <8 wf/i wi/iwi <8 /iwi ® A 


4 

arc 


iV 4 <8 /iwf ® a/^/i <8) /iwi <8 fl 




f 2 uj'f <g wi/iw? U^/l ® ® /l 


ax 3 


/ 2 w£ 4 (8) w^/i^i /i (8) /iwi <g /i 


4 

ax 


/ 2 wi 4 ® wf/i w^/i ® /M ® /i 


ax b 



The relevant terms and the pairing-values of A^^X) for X = /f/2/1 in (*) 
are as follows: 

TABULAR 3 



SUMMANDS 


1 




ay 




axy 2 


fiuj^uj' 2 <g> /iwf w 2 (g) w^ 2 /i (g) o> 2 /i g / 2 


axy 2 


wi/iwf u; 2 (g hw'iw 2 ® wj^/i <g ^2/1 ® /2 


ax 2 y 2 


flLo'iOj'2 ® ^1^2/1^1 ® 71^1^2 ® w 2/l ® /2 


axy 2 


u^/iwfu^ (g o/^/i^'i (g fiuj[uj 2 <g w 2 /i (g / 2 


ax 2 y 2 


/iu;f w 2 (g wfo^/i <g /iwio; 2 (g cj 2 /i g) / 2 


ax 2 y 2 


wi/iwf u; 2 (g w 2 /i (g f\u' x oj' 2 (g w 2 /i g) / 2 


'-t 2 
ax y 


u^/iu^ (g iWi 2 ^ 2 <8 /i^i^ 2 <g w 2 /i (g / 2 


ax 2 y 2 


o; 2 /i (g h^\^2 ® fiu'iu' 2 (g w 2 /i g / 2 


ax s y 2 


U^/lU^ (g O^/io/^ (g /l^Wj <8 u' 2 fi (g / 2 


ax s y 2 


wfu^/i (g J x f\J x J 2 (g f\uj[uj 2 (g w 2 /i <g / 2 


ax 4 y 2 


J^Vjj'y (g J 2 J 2 j\ g j\J^' 2 (g /iw 2 g / 2 


4 y 

ax y 


wfo; 2 /i (g wi 2 w 2 /i <8 /i^^ 2 (g /1W2 (g / 2 


^ ') 
ax y 


Cjf L0 2 f 1UJ[ <g Ul^U>' 2 h ® ^l/l^2 ® /l W 2 ® /2 


*\ ') 
ax y 


Cjfw 2 /l (g Uj' 2 U 2 fi ® ^l/l^ ® /l w 2 ® /2 


ax b y 2 


/iwf u; 2 (g u^u^fiu^ (g J x J 2 h (g /iw 2 ® /2 


ax 2 y 2 


Oj'ifiu'-f <jJ 2 (g ^^A^ (g UJ^Uj'zfi <8 /lW 2 <g /2 


ax s y 2 


fiuj'^uj' 2 (g w 2 /i (g w^ 2 /i ® /iw 2 g / 2 


ax s y 2 


Ci^/iCjf CJ 2 ® ^l^/l ® ^1^2/1 ® /l w 2 ® /2 


4 '2 

ax y 


Uj'i U 2 h0j'i (g /lwf W 2 <g ^l^/l ® /l W 2 ® /2 


ax A y 2 


wf^/l (g /l^fw 2 ® w l w 2/l ® /l W 2 ® /2 


4 '2 

ax y 


CJ^CJj/lO^ <g w' x f\u' x U 2 (g Uj' x U)' 2 j\ (g /1W2 <g /2 


4 y 
ax y 


U>'iUJ 2 fl (g L0[flUj[uJ 2 (g u[uJ 2 fl (g /1W2 "g /2 


ax^y 2 




SUMMANDS 


2 


/lwf W 2 <8> /l^l 2 ^ 2 ^ ^/l^l ® /2^i <g /l 


ay 


fiui<jj' 2 (g /i^i 2 cj 2 <g wi^/i <8> hw'\ <g /1 


axy 


f\UJlU 2 (g u'^fiU^ (g /iw'^2 (g /2^i "g /l 


axy 



TWO-PARAMETER QUANTUM GROUP OF EXCEPTIONAL TYPE G 2 
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h U 1V11V1 AiN JJ h 



2 


£ VS J ,0 V2 f £ <~x £ f / x - >, £ ! atx £ 


2 

ax y 


/ -f V2 1 <~x £ V2 f <-x t £ t x-x £ t <-x £ 

uj l fiuj{uj 2 (g }iuj{uj 2 g) uj 2 Jiuj 1 ® 72^1 <8> 7i 


axy 


/ -f V2 f so £ V2 f sr-x t f £ <~k £ f <~>\ £ 

UJ l JiUJ{UJ 2 (g JiUJ{UJ 2 (g i0 1 L0 2 fl (g 72^! (g /l 


■2 

ax y 


V2 J £ J <~>\ £ J2 J <~\ £ J , J <~x £ J <~x £ 

uj{uj 2 }\uj 1 (g J\U{ijJ 2 ig Jiu 1 u) 2 <g / 2 o; 1 (g /i 


■2 

ax y 


V£ f £ £ V2 f <~>\ £ / (<->,£ !<->,£ 

UJ{U> 2 fl (g fiUJ{UJ 2 (g J\UJ l U} 2 g 72^! g /l 


3 

ax y 


u^/iu^ w 2 (g a^a^/ia^ (g 7l^i^2 ® 72^i <8> 7i 


ax 2 y 


/ -f V2 J atx V2 1 £ <-x £ f t <~>. £ f sc-x £ 

uj l fiuj{uj 2 (g WjWj/i g 71^1^2 ® 72^i <8) 7i 


3 

ax y 


12 J £ J <~x J £ J J <~x £ J J <-x £ J <rx £ 

Uj{ijJ 2 J\ijJ x (g L0 1 JiL0 1 L0 2 g JlUJ 1 UJ 2 g) 720^ g 7l 


3 

ax y 


uj{u> 2 }i (g oj^ioj^ g 7io; 1 a; 2 g 72^ g 7i 


4 

ax y 


-f ./3 J <->, J J £ J <~x J J £ ,0, J £ <~x £ 

Jiuj{u 2 (g a; 1 a; 2 7ia; 1 g uj x uj 2 ]\ (g g 7i 


r 

ax xy z 


£ J6 J /O, J 2 J £ s->, J J £ <rx J £ <rx £ 
JIUJ{U) 2 (g L0 1 UJ 2 J\ (g LO l L0 2 Jl g CJ 1 7 2 g) /l 


ax s xy z 


12 J £ J ,0, £ ,V2 J /O, ,/ J £ <~>\ J £ <~\ £ 

uj{uJ 2 fiuJ l (g J\uj{uj 2 <8> ^i^ 2 7i (g a; 1 72 ® 71 


3- i 
ax xy 


, /3, ,/ /Tx £ , J2, J /rx .J.J £ /<rx , J £ <-x £ 

uj 1 u 2 fi (g /ia; 1 lo 2 (g u> l u 2 }i (g cj 1 / 2 g 71 


4- i 

ax 


^fu^/iu^ (g w 2 /i <g /iu;^ g w^/ 2 (g /1 


4- i 
ax xy 


LU±Lo' 2 fi (g u™u)' 2 fi (g /ia;ic<; 2 (g g) /l 


ax b xy z 


U^/iWf W 2 (g OJ^^/x^ (g Uj[uJ 2 fi g) wi/2 (g /l 


ax 6 xy" 


CJ^/iwf W 2 (g W 2 /l <g W^/l g ^i/2 ® /l 


ax A xy z 


u r ^uj' 2 fiuj[ (g wi/iw'x^ (g wiwa/i g> L0[f2 <g /l 


4- i 

ax xy 


J^J 2 fi (g d x f\d x d 2 (g wia; 2 /i (g wi/ 2 <g /1 


ax b xy z 


a; 2 /ia;i (g wfa; 2 /i g wi/iWj ® ^1/2 ® /1 


ax b xy z 


wfa; 2 /i (g w^/i wi/iw^ (g g /1 


ax^xy z 



SUMMANDS 


3 


jW] 3 w 2 /iwfa; 2 f 2 oo'i ® fiu'i g) /1 


a 


f\UJiOJ 2 (g J x J 2 f\J x (g u;' 1 f 2 uj' 1 <g <g /1 


axxy 


/i^i 3 u; 2 (g w^/i (g ^i/ 2 ^i ® /l^i ® /1 


ax 2 xy 


wi/iwf a; 2 /iwf 4 ^ g / 2 a;i 2 ® ® f x 


ax 


J'{J 2 f\J x (g f\u'i<jj 2 ® ^'1/2^1 <8> fiu[ <8 /1 


ax 2 xy 


wfa; 2 /i (g /iwf u' 2 (g wi/ 2 ^i <g /l^i g fi 


ax 6 xy 


u)[fiu}'iu 2 (g ^^/i^ g uj^h^'x ® fi^'i ® /1 


ax 2 xy 


wi/iwf a; 2 (g u)' 2 fi g) ^i/2^i <g /i^i g /1 


ax 6 xy 


CjfWj/lO'i (g U^flLO^LO^ <g Lj' 1 f2LL>'i g) /lW^ (g /l 


ax s xy 


uj'iU 2 fi (g J x f\J x J 2 (g a;^/ 2 a;i (g /iw^ (g /1 


ax 4 xy 


w^/iwj ^w 2 /i g ^^/2 ® /l^i ® A 


4 -'j 

ax x 1 


w'^^/i w^/i ® TVi g /1 


ax b x 2 i 


/iwfa; 2 h^u'i ® f'2u'i ® wi/i <8> /1 


ax 


flUj'^UJ 2 (g U^U^flU^ ® Uj[f2Wl <g w'l/l <g /l 


ax 2 xy 


/iwf w 2 (g w^cja/i ® ^i/2^i <g wi/i <8> /1 


ax 6 xy 


wi/iwf a; 2 /iw^ ® / 2 w? ® wi/i g) /1 


ax 2 


cjfw^/iwi (g <g ^i/2^1 <8> cj^/i <g /1 


ax 6 xy 


cjf w 2 /i (g /iwfa; 2 (g ^i/2^1 <g wi/i <g /1 


ax 4 xy 


w^/iw^u;^ (g u^u^/iu;^ ® ^1/2^1 ^ ^'1/1 ® fi 


ax 6 xy 



HU AND SHI 



SUMMANDS 


3 


uj^fiu'i u 2 ® J 2 J 2 f\ ® u^Ac^ ® o^/i ® /i 


ax 4 xy 


u^c^/iu^ ® J x f\J x J 2 ® ® w'i/i ® /i 


ax 4 xy 


Uj'^Uj' 2 fl ® U^flU 1 ^ ® 0^i/2t*7l ® w'l/l ® /l 


ax b xy 


w^w^/iwj ® wj^/i ® w«/ 2 ® u^/i ® A 


ax b x 2 i 


u/^/i ® w^/i ® wf7 2 ® ^i/i ® A 


ax b x 2 i 



SUMMANDS 


4 


fl wPwi ® UJi fauj'i 2 ® fl d/ 2 ® fl u/ ® fl 


nx 


fi LJ^CJo (R) CJi foCJ? (R) u/ fi u/ (R) fl CJi (R) fl 


(XXX 


fi u'-Plj* (X) cji fou f ? (R> uj ! ? fi (R> fi u/ (R) fi 


(XX 2 X 


fio;?u;o (X) cji foo;? (X) fiu/ 2 (R> fiu/ (R) fi 


(XXX 


{J?u)LUu)\ Ui 2 foui (R) fiu/ 2 (R) fiu/ (R) fi 


cix 2 x 2 i 


uj f ?ujLfA <g) UJi 2 fotj'i (R) fio/ 2 (R> fiu/ <R) fi 


ax' i x 2 'i 


to\ fiLJ^ldn <R) ti/ foLUi 2 (R) fio/ (R) f 1 ti/ (R) fl 


ax' 2 x 


fi u'i 2 Ljt, (X) a/ fju/ 2 ® a-^ 2 fi ® fi u/ ® fi 


CLX^X 


LJ^CJn fi u/ (R) u/ 2 foLJ^ (R) a/ fio/ (R) fiu/ (R) fi 


CLX^X 2 ! 


w 2 /i ® J^h^'\ ® wi/i^i ® /i^i ® /i 


4 -'1 

ax x % 


wj^/iwj ® w^^wj ® u?fi ® ® /i 


A -'2 

ax x % 


w 2 /i ® i^ 2 /^ ® /l ® /i^i ® /l 


A -'2 

ax x 1 


/iwf w 2 ® wi/ 2 t^ ® /iw? ® oj'Ji ® /l 


axx 


fl(j^u' 2 ® ® w'i/iw'i ® w'l/l ® /l 


ax l x 


/iwf w 2 ® a/J^ 2 ® w^/i ® wi/i ® /l 


ax :i x 


wi/iw^w^ ® wi.fewj 4 ® fnJ£ ® wj/i ® /1 


ax 2 x 


wf^/i^ ® W^/2Wi ® flOj[ Z ® Wi/l ® /l 


ax :i x 2 i 


w 2 /i ® w?/ 2 o;i ® /iwf ® wi/i ® /1 


ax A x 2 i 


wi/iwf w 2 ® ^i/ 2 ^i 2 ® wi/i^i ® c^i/i ® /1 


ax :i x 


JJ^oj^ ® wi/aa;; 2 ® w /2 /i ® wi/i ® /1 


ax A x 


w 2 /iwi ® ^i 2 / 2 ^ ® wi/i^i ® u[fi ® /1 


A-'l 

ax x % 


W 2 /l ® W^/2wi ® ^i/lLJ^ ® Uj'Ji ® /1 


ax b x 2 % 


wi 2 a; 2 /ia;i ® wf^wj ® w /2 /i ® wj/i ® /1 


ax b x 2 % 


w 2 /i ® w^/ 2 wi ® w /2 /i ® c^i/i ® /l 






SUMMANDS 


5 


wf 4 /^? ® hu'i ® /i^i 2 ® /iwj ® /l 


ax 2 


wf 4 /^? ® Awf ® wi/iwi ® /iwi ® h 


axx 2 


oJih^i ® ® w^/ic^i ® /iwj ® /l 


ax 2 x 2 


wf 4 /^; 2 ® wi/i^i 2 ® h^i ® ® /1 


axx 2 


Jfhu'f ® w^/iwi ® /l^i 2 ® /iwj ® /l 


ax 2 x 2 


® wf/i ® /io;i 2 ® /iwj ® /1 


ax :i x 2 


U\hu'iOj' 2 ® ^i/iwf ® wi/i^i ® /i^i ® /1 


ax 2 x 2 


wf/ 2 o;i 2 a; 2 ® wj/ic^f 4 ® wf/i ® /i^i ® /1 


ax A x 2 


wf/ 2 a;i 2 ® ^/icj^ ® wi/iwi ® /iwj ® /1 


ax s x 2 


wfM' ® wf/i ® wi/i^i ® /i^i ® A 


A -'2 

ax x 
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h U 1V11V1 A IN JJ h 


5 


VI £ VI x-x VI £ //r-\ VI £ stk £ ! <-x £ 


4-2 

(XX X 


/2 £ VI <-x VA £ o, V2 £ <~x £ I <-x £ 

L0{f2L0{ (8) Ct^/l <8 Wf/i (8 /lU^ (8 /l 


5-2 

ax x 


.'2 -f .'2 /On -f .'3 /On -f ,'2 On J £ <~x £ 


axx 2 


VI £ .VI r> -f ./3 /On -f /On J £ <~a £ 


'2-2 

ax x 


/2 -f VZ srx £ /cJ 0, VZ £ <r>, f £ <-x £ 

u{f 2 uj{ <8 <8 wf/i (8 c^/i <8 /1 


3 -2 

ax x 


^1/2^1 "8^1/1^! (8/1^ (8^/1(8/1 


ax 2 x 2 


wf 4 Mf ^ w^/i^i ® /l^i 2 ® wi/i ® /l 


ax :i x 2 


w?/ 2 w? <8 wf/i <8> /iwj 4 ® wi/i (8 /i 


4 -y 
ax x 


wj^w" (8 wj/iw^ (8 wi/iwi <8 wi/i (8 /1 


ax 6 x 2 


Mf ^ wi/i^i 2 ® «^7i ® wi/i ® /1 


4 -!2 

ax x 


wf 4 hu'i <8 wJ7iwi <8 wi/iwi ® wi/i (8 /1 


4 -y 


wf 4 hu'f % wf/i <8 wi/iwi <8 wi/i ® A 


arr 


u/] 2 /^ 2 <8> wJ7M (8 wJ7i ® wi/i ® /1 


ax x 


Mi 2 <8 u'fh <8 wf/i ® wi/i ® /1 


ax e x 2 



The relevant terms and the pairing- values of A^(X) for X = fff 2 fi in (*) 
are as follows: 

TABULAR 4 



SUMMANDS 


1 


fiuj'iuj'2 8> fiu?u' 2 8> /i^2 w i ® ^2/1 ® /2 


ay 


fiu'^uj' 2 8> w' x f\u' x u 2 (8 fiuj' 2 uj'i <8 w 2 /i ® /2 


axy 


w^/iwf o; 2 8> f\u' 2 u' 2 <8 f\io' 2 u' x <8 w' 2 f\ <8 / 2 


axy 


/iu^u^ /i^'i 2 w 2 ® /i^2^i ® ^2/1 ® /2 


ax 2 y 


W^/lwf W 2 ^ ^[flLo'iLO^ (8 /lW^l ® ^2/1 ® /2 


ax 2 y 


cjf fiuj[uj 2 <£> <8 /iw 2 wi <8 W 2 /l ® /2 


ax s y 


/iwf W 2 (8 /lCjf W 2 <g> wi^/l ® /l W 2 ® /2 


axy 


flU>'i(J 2 8> lo' x f\<d x (J 2 (8 UJ^LO^fi (8 /l^ 2 <8 /2 


ax 2 y 


cj^/icj^ w 2 (8 /io^u^ <8 (jj[uj 2 fi (8 /iw 2 <8 / 2 


ax 2 y 


cj^/i^o;^ <8 /iw^u;^ <8 a;^aJ 2 /i <8 /icj 2 <8 / 2 


ax 6 y 


u^/iwf w 2 (8 ^/i^Wg (8 w^o; 2 /i <8 /iw 2 <8 /2 


ax A y 


uj' 2 fiuj[uj 2 (g> u>[fiu>[u> 2 <8> u[uJ 2 fi <8 /lW 2 <8 /2 


4 

ax y 


fiu?u' 2 8) ^i 2 ^ 2 /i ® /l^l w 2 ® ® /2 


ax 2 y 


u?w' 2 fi 8) Acjf w 2 (8 /i^i^ 2 <8 /i^ 2 <8 / 2 


ax s y 


w^/iwfo;^ 8> ^i 2 w 2 /i <8 /i^i^ 2 18 /icj 2 <8 / 2 


ax A y 


U>'iUJ 2 fl 8> U^flU^LO^ <8 flUj'^'2 (8 /lW 2 <8 / 2 


4 

ax y 


fiuj^oj'2 8> wf^/i <8 fioj'iUi'2 (8 /iw 2 ® / 2 


4 

ax y 


wfo; 2 /i 8) ^i 2 /i^ 2 <8 /1W2 ® / 2 


ax b y 


/iwfa; 2 8) ^'i 2 w 2 /i (8 w^/ia; 2 <8 /i^ 2 <8 / 2 


ax A y 


cjf cj 2 /i (8 /i^i 2 w 2 (8 u'ihu 2 <8 /1W2 <8 / 2 


4 

ax y 


w^/iwf a> 2 8> ajfcj^/i <8 uj^fiu^ <8 /icj 2 <8 / 2 


ax 4 y 


Uj'*LU 2 fl O^/io/^ (8 L0[flUJ2 Aw 2 18 / 2 


ax b y 
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SUMMANDS 


1 


d*f\d x d 2 <g> d' 2 d 2 fi <g d 1 f 1 d 2 <g f\d 2 <g f 2 


ax b y 


d-yd 2 j\ <g d' 2 fid 2 <g u;£/iu; 2 <g /i^2 ® /2 


ax^y 



SUMMANDS 


2 


fid?d 2 (g /iwf u; 2 <g /iwiw^ <g / 2 wi <8) /i 


a 


f\d^d 2 (g) d 1 fid 1 d 2 (g f\d x d 2 (g / 2 u;i (g /i 


ax 


d-yhdf d 2 (g fid^d 2 (g /i^^ 2 ® /2 w i ® A 


ax 


/iwia; 2 (g fid^d 2 <g /i^^ 2 ® /2 w i ® A 


ax 2 


u^/iwf cj 2 (g a^/ia/^ 8> f\d x d 2 <g / 2 a4 (g /i 


ax 2 


wf/icj^u;^ (g d l fid 1 d 2 (g fid x d 2 ® / 2 ^'i <8> /i 


ax 3 


/lCjfu^ (g /iCjf W 2 (g> C^m/l <g ^i/ 2 ® /l 


axxy 


/iu/^ <g> wj^/i <g /lt^wa <g wi/2 ® /1 


ax 2 xy 


fid-^d 2 (g> d x j\d x d 2 (g d x d 2 fi (g 0^/2 <g /1 


ax 2 xy 


f\d'?d 2 <g> dfd 2 fi <g> wi/iw 2 ® ^i/ 2 ® A 


ax s xy 


wi/iwf w 2 (g> Awf w 2 <g a^u^/i <g 0^/2 ® /l 


ax 2 xy 


d^d 2 fi (g fidid 2 (g /i^iW 2 <g 0^/2 <g /1 


ax A xy 


a -'l 2 /l c<J l a; 2 ® /l w 1^2 ® ^i^/l ® ^1/2 ® /l 


ax A xy 


d?d 2 fi <8> /iwf a; 2 <g ^i/ia; 2 <g 0^/2 <g /1 


ax 4 xy 


wi/iwf a; 2 (g w 2 /i (g /iu;^ <g wi/ 2 ® /1 


ax 6 xy 


d*d 2 fi (g d x j\d x d 2 (g f\d x d 2 <g> d x f 2 <g /1 


ax 4 xy 


, ,/2 f , ,/ , .1 . ,/2, / J <-x f , J . J , J f k?, f 
id I J \ Lu-^Lu 2 ^2-/ 1 ^ j 1^1 ^2 ^y^lj2^v Jl 


ax 4 xy 


d?d 2 f\ (g> d?fid 2 <g f\d x d 2 <g d l f 2 ® fi 


ax b xy 


d x fid' 2 d 2 (g a^/xa/^ (g d x d 2 f\ <g d x f 2 <g fl 


ax 6 xy 


d x f\d 2 d 2 (g /1W2 <g ^i/i^ 2 <g> 0^/2 <8> /1 


ax 4 xy 


u^/ia/^ (g> a^/ia/^ <g d x d 2 f\ <g d x f 2 <g /1 


ax 4 xy 


d^d 2 fi (g w'x/iwi^ <g a>i/ia; 2 <8> wi/2 <g /1 


ax b xy 


/ia;ia; 2 (g dfd^ <g d x f x d 2 <g d 1 f 2 <g /1 


ax b xy 


wfa; 2 /i ® wf/iw^ ® wi/iWj ® ^i/2 ® /1 


ax b xy 




SUMMANDS 


3 


/iwi 3 a; 2 ® /iwf a; 2 ® ^i/ 2 ^i ® /l^i ® /1 


ax 


/iwf a; 2 ® d 1 fid 1 d 2 <g a;^/2^i ® /l^i ® /1 


axx 


/iwi 3 a; 2 ® wfa; 2 /i ® d?f 2 <S> f\d x ® h 


ax 2 x 2 i 


d l f 1 d?d 2 ® fid x 2 d 2 ® ^i/ 2 a;i <g /i^i ® /1 


axx 


fid ± d 2 ® a; 2 ® wi^^i <g /i^i ® /1 


ax 2 x 


cjf d 2 fi ® /iwf a; 2 ® w^/ 2 ® <8> /1 


ax 6 x 2 i 


cj^/icj^ cj 2 ® ^/iw^g ® d 1 f 2 d 1 ® ® /1 


ax 2 x 


wi/iwf a; 2 ® w 2 /i ® t^/ 2 <g f\d x % fi 


ax 6 x 2 i 


d'{f\d x d 2 (g d l f\d l d 2 ® a;^/ 2 cj^ ® /ic^ ® /1 


ax A x 


wfa; 2 /i ® ^/i^i^ ® a;i 2 / 2 ® /i^i ® /1 


4 -2 

ax x x 


w^/iwiw^ ® ^cj 2 /i <g d?f 2 <S> f\d x ® fi 


4 -2 

ax x % 


d*d 2 fi ® W^/iW^ ® </ 2 ® /iwi ® /l 


ax b x 2 i 
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a 


£ J*S J o. -P S2 J so. J -P J /Ov J £ /o, £ 

JlUJ{UJ 2 (g /iWjWj (g W 1 j2W 1 <g iO l }\ (g> /l 


axx 


JlUj{L0 2 <S> L0 1 JiL0 1 u; 2 (g) UJ 1 j2UJ 1 (g) O^/i g> Ji 


ax 2 x 


J1UJ{UJ 2 (g> WfW 2 /l (g) g) CJi/l (g) /l 


3-2 

ax x 1 


/ -f ,/2 J <~>\ -P S2 J/o. J -P , J /o, , J -P <~x -P 

uj 1 Jiuj{uj 2 (g) Jiu){u) 2 <8> uj 1 j 2 u 1 ® u^/i (g) /1 


2- 

ax x 


u"f (g fiu' 2 u' 2 (g U^Au^ g) Wj/i <g> /1 


ax 6 x 


wfa; 2 /i (g /iwf a; 2 w^/ 2 ® u/Ji <g /1 


4 -y 

ax x 1 




ax 6 x 


wj/iw? a; 2 wi 2 w 2 /i (g) t^/ 2 g) wi/i /1 


4 -y 
ax x % 


cj^/icj^a;^ <g> a/ x A^'i^ g) u^u^ <g> a/ x A g) /1 


4- 


wfa; 2 /i (g u' x fnJ x <J 2 g) g) u^A <g> /1 


ax 5 x 2 j 




ax b x 2 i 


wfa; 2 /i (g wf^/i uj' 2 f 2 ® wi/i (g A 


ax b x 2 i 




SUMMANDS 


4 


fl CJ^CJo (g u/ 2 foLJi (g) fl Li/ 2 (g) fl d/ (g fl 


cix 2 


fiuj?ui'r, (g wl 2 fou/ (g u/ fiu/ (g fia/ <g fi 


oxx 2 


/iLjf W 2 <g W^wJ Wf7l /l^i (g /l 


ax 2 x 2 


wj/iw^ (g w^^wj /iwj 4 ® ® /1 


axx 2 


wJ7iwiw£ (g c^A^i (g /iwf (g f x J x (g /1 


ax 2 x 2 


w 2 /i (g wf/2 /iwf (g) /iwi (g /l 


ax :i x :i i 


wi/iwf w 2 (g Lo'i ! f2u' 1 (g w'i/i^ g) A^'i (g /1 


ax 2 x 2 


^A^ 2 g> u^ix wi 2 /i /i^i (g /1 


ax :i x 2 


w^/ia/^ ® wj 4 ./^ <g lu'Jilu^ g) A^i (g A 


ax A x 2 


J?J 2 h ® wf/2 ® wi/iwi <g /iwi g) A 


4 -'-1 
ax x % 


w^/iwX (g w^^wj wJ7i ® /l^i ® /1 


A -'2 

ax x 


/iwf w 2 (g w^/ 2 t«;i /iwf 4 ® Wj/l (g /l 


axx 2 


/iwf J 2 (g u/^A^i ® wi/iwi ® wi/i ® /1 


ax 2 x 2 


/iwf w 2 (g ^A^i ® ® wi/i ® /1 


ax :i x 2 


Lji/iLj; 2 ^ (g ^/ 2 W1 ® /lWf 4 ® Wl/l ® /l 


ax 2 x 2 


wi 2 /ia;ia; 2 (g u^iX /i^i 2 wj/i ® /1 


ax A x 2 


w 2 /i (g wf/2 A^i 2 (8) wi/i (g /1 


ax 4 x 3 i 


Wi/iwf W 2 (g ^i 2 /2^i (g ^'i/l^'i g) <g fl 


ax A x 2 


JjiJfu'z (g w^^wj <S> uj'ifi (g wi/i (g fl 


A -'2 

ax x 


to'i flUj'iUj'2 ® ^ifl^'l ® ^'l/l^'l ® Wi/l <g /l 


4 -2 

ax x 


wfw^/i (g cjf/ 2 ® wi/iwi ® wi/i ® A 


ax b x :i i 


w; 2 A^m ® ^i 2 /2^i ^i 2 A ® wi/i ® A 


ax x 


w 2 A <g ^i 3 A ® wf 4 A ® h^'i ® A 


ax b x :i % 


wfc^/i (g wfA (8) wi 2 A ® wi/i (g A 


ax^x^i 



SUMMANDS 


5 


^ih^'i ® hu'i ® A^i 2 A^i (g A 


ax 3 


/ 2 wi (g A^i ;i ® wi/iwi <8 /iwi (g A 


axx 3 


/ 2 wi ® A^i 3 ® W 2 A ® A^i (g A 


ox 2 x 3 
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5 


f'S £ /so t £ f'2 so £ f'2 so £ f so £ 

Uifcu-L <8 u[fiUi <8> hoj'{ <8> fiu[ <8 fi 


-3 

axx 


f'6 £ / --x VA £ t x-x £ f'2 so £ f so £ 

Uihvi <8 ^{fi^i <8> Ti^i <8> Ti^i <8 fi 


2-3 

ax x 


f'3 £ f so f'S £ so £ f'2 so £ f so £ 

<8 Uifi <8> fiu{ <8> <8 fi 


3-3 

ax x 


f '6 £ ,/ /rx J £ J'2 so J £ J n, £ J so, £ 

Luff 2 uJ 1 <8 ^i/i^i <8> t^i Ji^i 8> Ti^i ® 7i 


2-3 

ax x 


f £ f'2 sr-x f'2 £ so £ / so £ 

Wihvi <8 UxfiUf <8> /i <8 /l^i <8 7i 


3 -3 

ax x 


'3 -f / -o. / x-x 1 £ t so £ t so £ 

^i 72^1 <8 ^i 7i^i <8 ^i/i^i <8 7i^i <8 7i 


3-3 

ax x 


'3 -f / /TX f'S £ SO / -f f so £ f SO £ 

^i 72^i <8 7i <8 ^1/1^1 <8 7i^i <8 7i 


4-3 

ax x 


t'6 £ J so J'2 £ J so. J2 £ so £ J so £ 

72^1 <8 u{f\u) x <8> ujffi (8) f 1 uj 1 (8> 7i 


4-3 

ax x 


'3 -f / so t'A £ so f'2 £ so £ f so £ 

Lu{f 2 u 1 (8 uffi <8> u{fi (8) /l^i <8> 7i 


b -3 

ax x 


,/X J* J so £ J'i so -f o, ./ £ so £ 

^i 72^i <8 7i^i <8> 7i^i <8> u^/i 8> 7i 


axx^ 


J* J so £ J<$ so J £ ,/ /-x J £ so £ 

Uif 2 uj 1 (8 7i^i <8> ^i/i^i <8 ^i/i 8> 7i 


ax 2 x :i 


f'i £ J so £ J'i so J2 £ so J £ so £ 

u{f 2 uj l (8 Ti^i <8 u{h <8> L0 1 fi <8 7i 


3-3 

ax x 


, ,'3 ^ , J so , J £ , J'2 so £ , J2 so , J £ so £ 

uj 1 f 2 uJ 1 (8 uj 1 f 1 uj 1 (g) fiuj l <8 uJ 1 fi <8 fi 


ax^x^ 


u'?f 2 u[ (8 uj'ifWi (8 /iccf wi/i (8 fi 




L0'*f 2 Lu[ (8 wf/i <8> /iwj 4 (8) wi/i ® /l 


4 -'-1 

ax x 


/ 2 wi (8 wi/i^ ® ^i/i^i <8 u^/i (8 A 


ax :i x :i 


L0'*f 2 L0[ (8 Wi/lt^ <8) W^/l ® Uj'Ji fl 


4 -'-1 

ax x 


uj?f 2 uj[ (8 u'lfiu'i <8 wi/i^i <8 wi/i <8 /i 


4 -'-1 

ax x 


/ 2 o;i (8 wf/i (8) ^i/i^i (8 lo'Ji (8 /i 


ax x 


/ 2 wi (8 <7Vi <8 w^/i (8 u'Ji ® /i 




<M <8 wf/i (8 w^/i <8 wi/i <8 /i 





The relevant terms and the results of calculations of A^- 4 \X) for X = /1/2/1 
in (*) are as follows: 

TABULAR 5 



SUMMANDS 


1 


flUJ 2 Uj'l ® u' 2 fiu'i <S> U 2 flL0[ (8 W 2 /l (8 /2 


ay d 


flUJ 2 Uj'l ® u' 2 fiu'i <8 w^ 2 /i ® ^2/1 ® /2 


axy A 


f\(jJ2^\ <8 ^[uj^fiio^ (8 uj' 2 f'iu'i <8 w 2 /i 8> / 2 


axy A 


fiu 2 u'? (8 w 2 /i (8 ^ 2 /i^i <8 w 2 /i <8) / 2 


ax^y 6 


/lu^ajf (8 u^u^fiLo'i ® uj^LO^fi (8 w 2 /i (8 / 2 


ax z y A 


fioJ 2 oj'i (8 w 2 /i (8> ^i^ 2 /i 18) w 2 /i (8) / 2 


ax i y 6 


w^o; 2 /ia;f (8 fW 2 ^i <8 ^ 2 /i^i <8 o; 2 /i <8 / 2 


axy A 


cj^^/i^f (8 fiv&i <8 w'i^ 2 /i <8 w 2 /i <8 / 2 


ax 2 y d 


bj' 2 fibj' x (8 /iw 2 w^ (8 1 uj' 2 fiuj' x ® o; 2 /i <8 / 2 


ax^y 6 


uj'i<jj' 2 fi (8 /i^ 2 wf (8 ^ 2 7"i^i ® ^2/1 ® A 


ax i y i 


cjf u' 2 fiu'i <8 h^Wi ® ^1^2/1 ® ^2/1 ® /2 


ax i y i 


wfo; 2 /i (8 /iw 2 ^f <8 ^^ 2 /i <8 w 2 /i <8) / 2 


ax y 


a^o^/ia/j 2 (8 ^w^/i^ (8> fiuj' x uj' 2 ® u>' 2 fi ® f 2 


ax y° 


Oj[uJ 2 flUJi (g) L0iL0 2 fl (81 fiuj[uj 2 <8 kJ 2 7"l <8i / 2 


ax i y i 


Cjf L0 2 fiL0[ (8 a/^/! o/ x (8 flLU^LO^ (8 1 W 2 /l I8 1 / 2 


ax i y i 
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-1 
1 


uj'{lu 2 Ji (g UJ l UJ 2 fiUJ l (g> ]\u x u 2 ® w 2 A ® h 


4 3 

ax y 


J 2 Lo' 2 flJ x (g J 2 J 2 f\ (g f\Uj'iU)' 2 <g> U)' 2 fl <8> A 


ax y 


Uj'l<jj' 2 fl <g Oj'iOj' 2 fl ® A^W 2 ® <4 A ® A 


ax y 


A^f ® ^'l^/l^'l ® ^2/1 ® A^2 ® A 


ax^y 6 


J x J 2 j x ^x <8> u'iUJ 2 fi g u[u 2 fi <g flU)' 2 g /2 


ax y 


cjf uj' 2 fiuj[ ® ^'i^/i^'i ® ^1^2/1 ® /i w 2 ® /2 


4 '-! 

ax y 


wfu^/i (g J x J 2 f\J x g uj[uj 2 fi (g f\uj' 2 g / 2 


ax y 


Cjf L0 2 f\L0' x (g UJ ,2 Uj' 2 fi g> O^U^/l <8> /lO> 2 ® /2 


ax y 


wfu^/i (g u' 2 u 2 fi ® u[uj 2 fi <g /ia; 2 g) / 2 


ax b y 6 




SUMMANDS 


2 


fl LJ^LJi 3 (g w!, fi Cl/ 2 (5?) CJo fl OJ^ (55 foOJi (g> fl 
jj^uu2^l ^y^2Jl L ^l ^ 1 ^ ^ J 1 


aai 2. 


fl LJ^LJi 3 (g) wl, fi (g) 0^ CJo fl (g) foLi/ 65 fl 
./ 1 2 1 v cy^2'/l l ^ 1 2j l^J^ l^Jl 


axy^ 


fl Ld'^Ld 1 ? (g) u! Ct>a fl ti/ (g) OJo fl Ci/ (g) f>Li/ (g) fl 


axv^ 


fi uOnUj? (55 uj^ujn fi (55 LJo fi ll^ (g) fooji <55 fi 


ax'^y'^ 


fi LJnUj'? (55 a;^ Wo fi lo\ (g tJo fi (55 fou/ (g) fi 


ax^y^ 


/ic^wj 3 <8> u'l^h ® u' x J 2 f x ® /2^i g /l 


ax^y 2 


u/^A^' 2 ® ® ^2/1^1 ® A^'i ® /1 


axy 1 


A^f ® fl^Wl ® ^'1^2/1 ® A^'l ® /l 


ax 2 y 2 


u; 2 /iu4 (g fiu' 2 Ui <g> ^2/1^1 ® A^'i <g A 


ax 2 y 2 


Cjf 0; 2 /l (g) /lW 2 wf (g W 2 A^l (g A^l <8> /l 


ax A y 2 


u^/iu^ (g /i^^'i 2 ® ^1^2/1 ® A^'i <g A 


ax s y 2 


uj' x <jj' 2 fi (g fid 2 u>i ® u[uj 2 fi (g / 2 oji g /1 


ax y 


oj[L0 2 fiio f2 (g A w 'i (g f\bj' x Lo' 2 (g / 2 o;i (g /l 


ax 2 y 2 


A^f ® Wf^/l g /l^i^ 2 ® /2^'l ® /l 


ax A y 2 


cj^^/i^i <8) ^^/i^'i <g fi^'1^2 ® fiw'x <g /1 


ax 6 y 2 


o; 2 /i (g Lu'^fauj^ (g (g / 2 cj[ g /1 


4 '2 

ax y 


d 2 fiu\ (g wfw 2 /i ® /l w 1^2 ® /2 w 'l ® /1 


4 '2 

ax y 


U?u' 2 fi (g ^f^/l ® /l^I w 2 ® /2<^i (g /l 


ax y 


U^U^/W^ (g W^^/l^'l "g ^1^2/1 ® w i/2 ® /l 


ax s xy^ 


cj^ 2 /i w/ i 2 ® ^i 2 w 2 /i ® ^i^2 A ® w i A ® A 


ax 4 xy ,: 


L0 2 flUj[ (g ^^A^'l ® wJWj/l g wi/2 <g A 


ax 4 xy' : 


cjf cj 2 A tg J x J 2 f\u' x (g w^ 2 A ® ^1/2 <g A 


ax b xy" 


w^A^i <2> w 2 A <g u)'iUJ 2 fi (g a>i/ 2 <g /1 


ax b xy" 


u?u 2 fi (g ^! 2 ^ 2 a ® A ® ^lA ® A 


ax b xy" 



SUMMANDS 


3 


fiJ 2 J^ <g ^ 2 A^i 2 ® A^f g /iwi ® /1 


ay 


/iw^f <g u; 2 Au/i 2 (g A^i 2 ® wi/i ® A 


axy 


/i^wf (g wic^/iwi g> f 2 u r { ® A^i ® A 


axy 


/i^^f <g wft^/i ® f 2 v' 2 g) A^i ® A 


ax 2 y 


/i^wf <g ^^A^i ® A^i 2 ® wi/i ® A 


ax 2 y 


/i^wf (g wJV 2 /i g / 2 wi 2 g wi/i (g /l 


ax :i y 
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o 


/ 1 £ VI so £ 1 VI so £ VA so £ f so £ 

u[uj 2 fiuj'{ (g flU)' 2 U}'{ <8 J2^i <8> fl^l 8> fl 


axy 


1 f £ VI so £ / VI so £ V£ so f £ so £ 

uj x uj 2 f x uj{ 8> f\u 2 ijj{ (8 / 2 ^i g> ^i/i <8) Ji 


2 

ax y 


u 1 u 2 Ji^i (g 71^2^1 ® 72^i <8> 7i^i 8) 7i 


ax 2 y 


'3 J £ <~>\ £ J ,V2 ,0, £ ,V2 so -f J so £ 

ufu 2 Ji 8) 71^2^1 ® 72^i <8> 7i^i <8 7i 


3 

ax y 


I'Z f £ f so £ ! VZ so £ V2 so f £ so £ 

u{L0 2 f 1 L0 1 8) 71^2^1 ® 72^i <8> u^/i 8) 7i 


3 

ax y 


'3 f £ so £ 1 V2 so £ VI so f £ so, £ 

uj{lo 2 }i 8> 7i^2 w i ® 72^i <8> Wi/i <g 7i 


4 

ax y 


-f .'2 /r> J J £ J so J £ J <r\ £ J so £ 

lo x uj 2 ]\uj x (g a^a^/ia^ g) uJ 1 h UJ i <8> Tiw-l g) 7i 


ax A xy z 


<jj 1 u 2 j\UJ l (g o; 1 oj 2 /i (g) u) x ]2^\ g> 71^1 <8> 7i 


ax 6 xy" 


VZ f £ f so. / / -f / -r> /-f f so, £ f so £ 

U{Ul 2 JlUJ 1 (g U 1 U 2 J\U l g) UJ 1 j2UJ 1 (8 /l^x g> 7i 


3- \ 
ax xy 


lj{uj 2 Ji (g a; 1 a; 2 7io; 1 g) uj x j 2 u) x (g g) 7i 


4- i 

ax xy 


Wa/i^i (g ^i 2 cj 2 /i (8 u/i/Wi g> /M <8 /i 


4- i 

ax xy 


wfa; 2 /i (g w^/i w£/ 2 u;i ® /Wi <8 A 


ax b xy z 


u^u^/W^ (g J x J 2 f\J x g) a;^/ 2 ^i <8> u/j/i g> f\ 


ax A xy' 


u[u' 2 fiu' 2 (g u' 2 fi (8 ^i/2^i <8 wi/i <8 /i 


4- i 
ax xy 


Uj'u^fi^'i 8> u^uj^fi^ g> u^/ 2 u4 (8 ^/i g> /i 


ax A xy z 


a; 2 /i (g uj'^fiuj^ ® J x h^\ ® ^lh ® h 


ax b xy z 


J x 2 J 2 f x J x (g Uiu' 2 fi (8 ^i/2^i 8) u/i/i (8 /i 


ax b xy z 


wfw^/i 8) w^/i ^i/ 2 ^i 8) wi/i (8 /i 


ax^xy" 



SUMMANDS 


4 


/iu; 2 u;f (g / 2 a;f TV] 2 (8 /i^i ® /i 


a 


/ia; 2 a;f (g / 2 a;f /i^f <8 wi/i <8 /i 


ax 


/ia; 2 a;f ® / 2 a;f wj/iwi (g AwJ ® A 


ax 


/iw 2 a;f g) f 2 ^x ® oj'fh (8 /i^i (g /i 


ax 2 


/iw^wf (g / 2 wJ* 8) wi/iwi (g wi/i g) /i 


ax 2 


/iw 2 a;f (g /awf* wf 4 /i <8 wj/i (g /i 


ax :i 


LJ^^/lLJ^ (g ^iA^i^ 8- /iwf (g /l 


axxy 


lj'^tV^ (g ^iA^i^ 8) /iwf (g) wi/i g) /i 


ax 2 xy 


Lj^^/ia;^ <g ^iA^i^ 8) /iwf /iwj g) /i 


ax 2 xy 


w 2 /i (g wi/ 2 t^ 8< /iwf /iwi (g /i 


ax :i xy 


w^w^/iwi (g ^TVi 2 ® Ziwf 4 ® Wj/l <g fl 


ax :i xy 


u'?J 2 h <8 ^i/s^i 2 8- fiuj'i wi/i (g fi 


ax A xy 


J x J 2 jx^\ <8 ^i/2^'^ ig 1 w'i/Wi g) /i^i (g /i 


ax 2 xy 


wi^/iwf (g ^/a^ (8 wf/i /iwi (g /i 


ax :i xy 


w^Wa/iwi <g ^2^1 8> ^i/i^i g) /i^i (g /i 


ax 6 xy 


w 2 /i (g ^i^^i 2 8) w^/icj^ g) f x J x (g /i 


ax A xy 


lj^^/iu;^ (g uj[f 2 uJi ® ccf/i /iwi <g /i 


ax A xy 


w 2 /i g) wiTW] 2 /i^i (g /i 


ax b xy 


wiwg/iwf (g ^i/2^i^ 8) wi/i^i g) ^i/i (g /l 


ax 6 xy 


wia; 2 /ia;i 2 (g w'Js^i 2 8> /i wj/i (g /i 


ax A xy 


Wj/i^i ® ^'xh^i ® ^'i/i^'i ® ^i/i <8 /i 


ax A xy 


w 2 /i (g (g wi/iwi g) Uj'Jx (g /i 


ax b xy 
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SUMMANDS 


4 


ujful fiu'-, ® wi f 2 to? ® uj? fi ® uj\ fx ® fi 


ax b xy 


u/ 3 fi ® f 2 u;? (gi u)'? f\ ® fi ® fi 


ax b xy 


h U JVIJVIAJN JJ o 


5 




ax 


Uihu-i ® /l^i ® 7i^i <8) Wi/i <8 7i 


axx 


<472<4 (8 7i^i <8 <4/M ® /iWj <8 7i 


axx 


LU 1 f 2 ujf (8 Ti^i ® ^i 71 ® 7i^i ® 71 


ax 2 x 


iv 1 f 2 Lo{ (8 7i^i ® <4/Wi <8 wi/i <8 7i 


'2 - 

ax x 


LO l f 2 LO{ (8 /l^i ® ^i 71 ® ^i/i ® 7i 


3- 

ori 


io l f 2 io{ ® o^/M ® /Wl ® 7i^i ® 71 




f £ f'6 to. f £ f'2 srx £ f'2 ov f £ srx £ 




/ -f a ,/2 -f J o, £ J2 fO, £ J £ 

U-tfaUx ® ® /iWf ® ® fx 


2 = 

ax x 


Uxh^x ® ^i 71 ® TWi ® 7i^i ® 71 


3- 

ai i 


u'xiiu'x ® u'{f\u)\ <8 /M ® ^i/i ® 7i 


3- 

ai i 


U'xh^X ® W l 7 1 ® ^ lU; l ® w l7l ® 71 


4- 

ax x 


u'xh^x ® Wj/ioY ® ^/i^i ® 7i^i ® 7i 


ax 2 x 


Uxh^x ® ^l/l^i ® ^i 71 ® 7l^i ® 71 


ax 6 x 


LO l f 2 LO{ ® Uj{fx^X ® ^l/l^l ® 71^1 ® 71 


3- 

arc x 


Uxh u l ® ^1 71 ® ^xh u l ® 71^1 ® 71 


4- 

ax x 


cj;/ 2 cuf ® /i^i ® a>J7i ® Awi ® /i 


4- 

ax x 


^72wf ® /i ® wf/i ® /iwi ® /l 


ox 5 x 


wi/ 2 wf ® ^/l^f ® w'l/iwi ® wi/i ® /l 


ax 3 x 


wj/awf ® u'xh^x ® w f /i ® w i/i ® /i 


4- 

ax x 


wi/ 2 wi 3 ® o^/io^ ® wi/i^i ® W^/i ® fx 


4- 

ax x 


wi/awf ® /i ® wj/iwi ® o^/i ® /i 


ax b x 


wi/awf ® o^/iwj ® wf/i ® uj'Jx ® /i 


ax b x 


wi/awf ® /i ® wj 4 fx ® wi/i ® /i 


ax b x 
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